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ABSTRACT

HIV and HBYV infections are viral infections with the same route of transmission through
sexual intercourse with an infected person and mother-to-child transmission among other
means of transmission. Over the decades, these mono infections have led to the deaths
of millions of people around the world despite increased access to prevention, diagnosis,
treatment, and care. Yet, there have been no conclusive findings in the hunt for HIV/AIDS
cure or vaccine. However, the hepatitis B vaccine is available, though not easily acces-
sible. Consequently, HIV and HBV co-infection is equally a major global health burden
that has attracted limited research interest. The interactions and synergistic relationship
between these viruses are not well understood and documented. The co-infection presents
complex transmission dynamics within a population. Few mathematical models of HIV
and HBV co-infection are available that include risk factors and control measures. The
effect of variability in predicting infection outcomes is also not captured in deterministic
models. In addition, optimality conditions in co-infection models are not explored. This
study sought to model HIV and HBV co-infection with optimal control interventions. This
study set out to develop and examine a deterministic model of HIV-HBV co-infection, for-
mulate an optimal control problem for the deterministic model and determine the optimal
controls and finally convert the deterministic model into a stochastic model that accounts
for variability and uncertainties in infection outcomes. The deterministic model formu-
lation is based on SI and SIRS epidemic model framework. The theories of calculus are
applied to analyze the deterministic model based on reproduction numbers. The thresh-
old parameter; the basic and control reproduction number is obtained using the Jacobian
NGM and survival function approaches. Co-infection-free and endemic equilibrium points
are determined and it’s local and global stability analysis established using Routh-Hurwitz
criterion and Metzler matrix method respectively. The local sensitivity analysis of the
model parameters on Ry and Ag are determined by use of forward normalized sensitivity
index method. Using Pontryagin’s Maximum Principle, an optimal control problem is for-
mulated. The stochastic model is developed by extending the deterministic model using
SDEs. The three models are implemented using MATLAB solver based on Runge-Kutta
and Euler-Maruyama numerical schemes. The normalized sensitivity analysis of model
parameters showed that co-infection transmission rate, 4 and recruitment rate, 7 con-
tribute the highest to Ry and Ag. Numerical simulations of deterministic model revealed
that the combined effect of clinical and non-clinical control interventions led to the re-
duction in infection rates with time. The effect of HIV and HBV viral loads on infection
progression pointed out that the progression is faster at high levels of viral loads. Further,
numerical results of optimal controls exhibited a gradual decrease in co-infection of HIV-
HBV. The sample paths of SDEs showed variations in infection outcomes due to random
noise transmission. Thus, this study recommends that focus should be directed towards
reducing co-infection rate and vertical transmission to mitigate the co-infection, while re-
inforcing policies relating to both clinical and non-clinical control interventions at optimal
conditions.

Xiii



CHAPTER ONE: INTRODUCTION
1.1 Background Information

The co-infection of HIV and HBV is a frequent and severe infection because of overlapping
modes of infection. It results in an accelerated progression of liver disease and needs
combined, well co-ordinated antiretroviral therapy to keep both of the viruses at bay.
Deterministic models are employed in the cognition of the typical, anticipatory perfor-
mance of the epidemic of a vast population, like that of HIV-HBV co-infection. They fa-
cilitate locating equilibrium points, challenge control mechanism at a population stage as
well as give smooth, continuous framework on applying mathematical approaches of opti-
mal control theory. Stochastic models are the ones that basically integrate randomness and
probability which is important to model dynamics of small population or at the beginning
of an epidemic. They have a robust ability to compute the probability of the disease extinc-
tion by itself, ability to accommodate heterogeneity as well as uncertainty and authenticate
the finding of determinism through thousands of simulations. Deterministic model can give
the outcome and determine the theoretically optimal method of population-wide control,
whereas in stochastic models information about uncertainties and risks is given.

The control of a dynamic system by means of a combination of both models is combined
with optimal control techniques to determine the most efficient method of controlling an
enterprise, taking into consideration of cost constraints. Both models presented in conjunc-
tion with an optimal control strategy offer a broad approach evaluation, thus enabling the
public health personnel to ensure they develop more robust, efficient and practical public

health policies in order to deal with the obstructing problem of HIV-HBV co-infection.
1.1.1 HIV natural history and its epidemiology

HIV is a Ribonucleic Acid (RNA) virus that attacks the clusters of differentiation 4 (CD4)
cells and makes the host progressively unhealthy over a period of time. In the process, all
the white blood cells get destroyed thus making the immunity of a person to become weak
against opportunistic infections such as Tuberculosis (TB), fungal infection, severe bacte-

rial infection, STIs and some cancers. HIV exists as two strains: HIV 1 and HIV 2, HIV 1



is the most common in human beings. HIV 1 has been seen to be the most deadly virus by
causing many fatalities. However, HIV 2 has also been discovered to cause Acquired Im-
munodeficiency Syndrome(AIDS) (Lasisi, 2020). There are three clinical stages of HIV;
acute infection, asymptomatic or latency and AIDS stage. The first few weeks of infection
are referred to as the acute stage, and the subsequent month or so is known as the latency
stage. AIDS, the final stage of HIV infection is defined by the development of certain can-
cers, infections or other severe long-term clinical manifestations. Individuals that develop
AIDS go through the successive stages of the HIV virus infection. The virus infection
progresses with weakening the immune system and may culminate in the advanced and fi-
nal stage of the HIV infection (R. Anderson, Medley, May, & Johnson, 1986). Depending
on each person’s immune system, this might take up to three years to happen if left un-
treated. The virus symptoms include; frequent coughing, skin infections, chronic illnesses
and diarrhoea. HIV causes HIV infection and is transmitted primarily from human to hu-
man through; engaging in unprotected sexual activities with an infected individual, getting
exposed to infected blood or blood products or receiving organ transplant of an infected
mother, HIV-positive individuals exchanging syringes or needles, receiving infected blood
transfusions or organ transplants, during pregnancy, birth, or breastfeeding.

HIV is a heterogeneous retrovirus that is capable of converting RNA to DNA and contain-
ing a viral enzyme reverse transcriptase. A human body has approximately 800-1000 CD4
T-cells/mm?>. When the CD4 T cell count reaches or falls below 200 cells /mm?, an indi-
vidual could possibly be diagnosed with AIDS. The CD4 count goes down with viral load
increase levels and there is no evidence that this can generate a strong immune reaction.
This further weakens the response from CTL and antibodies cannot be able to deal with the
infection (Nowak & May, 1992). The CD4 cells count for the non-reacted and uninfected
individuals is around 500 — 1500cells/ mm? of blood and slowly changes if the drugs are
not consistently being taken or if the treatment is not professionalized.

The World Health Organization (WHO) advises people that are susceptible to HIV infec-
tion to seek for effective therapies in addition to testing and counseling services. HIV

diagnosis and testing is done using simple and affordable rapid diagnostic tests as well



as self confidentially, counseling, correct results and reference to treatment and other ser-
vices. Following a diagnosis, people with HIV must receive care and get prescription to
ART as soon as possible and get periodically monitored by the use of medical and lab-
oratory parameters, which include the check to degree the viral load. If ART is taken
continuously, this treatment prevents HIV transmission to others. Further, ART improves
health, prolongs life, and substantially reduces the viral load. However, a large number of
HIV-positive individuals continue to pass away from AIDS, in part due to not taking their
medications. Early therapy starts to inhibit the HI'V, which lowers the chance that HIV will
advance to AIDS. Early treatment of HIV infected individuals with ARV medicines low-
ers the viral load levels while life of the infected person is prolonged (Ho, 1995). As the
most successful approach to combating the HIV/AIDS epidemic, prevention and control
are currently being prioritized in non-clinical interventions including public health cam-
paigns against new infections (Nannyonga, Mugisha, & Luboobi, 2011). Mukandavire,
Gumel, Garira, and Tchuenche (2009) studied the effectiveness of condoms in combating
HIV/AIDS infection and pointed out key nonclinical prevention and control interventions
such as abstinence, commitment to a single sexual partner, and regular, appropriate con-
dom usage and practicing male circumcision among others.

UNAIDS report of 2023, reported that globally by the end of 2023, 85.6 million people
were HIV positive, 40.4 million people had died from AIDS-related diseases, and 86%
of people living with HIV recognized their status. In 2022, 630,000 individuals lost their
lives to AIDS related illnesses, and about 39 million people were HIV positive. Those un-
der ART were reported as 29.8 million people proportionately consisting of 77% of adults
who were 15 years and above, 57% of children aged 0 — 14 years, 82% of women aged 15
years and older, 72% of men aged 15 years and older and 82% of pregnant women and out
of this about 21 million have been averted. However, 9.2 million people had no access to
ART. Further, from the report 1.3 million people contributed to new infections by the end
of 2022. Women and girls between the ages of 15 and 24 made up 46% of the population
worldwide, with Sub-Saharan Africa (SSA) having the largest percentage at 77% among

this age group. Moreover, according to World Health Organization (2022), there were an



anticipated 37.7 million HIV-positive individuals worldwide, with the WHO African Re-
gion housing two thirds of those individuals (25.6 million). In 2021, 1.5 million new cases
of HIV infection and 650000 deaths from HIV-related causes were reported. According
to the data, Africa had the largest proportion of HIV/AIDS-positive people worldwide.
According to the 2020 global estimates, there were about 1.5 million patients who had
developed the first symptoms of the HIV infection and 680,000 people had died from the
disease. New HIV infections had reduced worldwide by the year 2020 by 39% as com-
pared to the year 2010, which was still short of the UN General Assembly’s 75% reduction
commitment in 2016. According to a research by Bert et al. (2018), more than 90% of
people in SSA acquired HIV from unprotected sexual intercourse with HIV-positive part-
ners. HIV services have over time been competed by unexpected pressures on public health
systems, for instance measures that were put in place to combat the spread of COVID-19
have postponed and stalled other health targets (Sachs, Kroll, Lafortune, Fuller, & Woelm,
2022).

The NACC Kenya report for 2021 and 2022 states that despite efforts to lower its fre-
quency, the HIV prevalence rate has remained startlingly high. One million three hundred
and forty thousand Kenyans, or 4.8% of the country’s population, are PLWHA, accord-
ing to the research. From 5.9% in 2016, this rate has decreased dramatically and is still
declining. A large number of initiatives that addressed HIV education, VCT nationwide,
and ARV uptake are partially the reason for this decline. Most notably, Homa Bay County
has the highest prevalence rate of 19.6%, while Garissa county has the lowest incidences
of HIV/AIDS, with a rate of 0.01%. Additionally, 4.5% and 5.2% of men and women,
respectively, are infected with HIV. The survey also showed that HIV prevalence is high at
Kenyan universities (Owusu-Ansah et al., 2023).

HIV/AIDS has lived with the human population for five decades since it was identified in
1984 and remains one of the deadliest and most incurable infections in the world at the
moment (Beyrer, 2021). It continues to be a major epidemic in the world, with the death
toll at 40.1 million. However, there remains a very high demand for comprehensive HIV

and AIDS management and also for treating opportunistic infections. AIDS has become



a chronic condition and People Living With HIV/AIDS (PLWHA) now require lifelong
medication that enables them to live a normal, healthy and long life. This medication
overburdens them as it is on daily use. So far, there exists no functional cure for HIV/AIDS.
Clinical trials in search for cure for HIV/AIDS are still ongoing and no conclusive results
have been realized. There exists disparities in implementing prevention, control and care
for HIV/AIDS pandemic across the globe with countries forging efforts towards ending
HIV/AIDS by the end of 2030. The attitude, knowledge, perception, treatment and viral

load suppression of HIV/AIDS have increased substantially among the populations at risk.
1.1.2 Hepatitis B virus natural history and its epidemiology

Hepatitis B Virus (HBV) belongs to a class of hepatitis viruses which attacks the liver.
Hepatitis B infection lasts for at least six months, for persons with compromised natural
immunity after which the infection becomes chronic. Even though their symptoms are
severe, the majority of adults with hepatitis B recover fully. Hepatitis B continued infection
is a big risk especially in infants and children. Infectious particles containing the HBV can
penetrate the skin and mucous membranes of another individual and thereby transmit the
disease. Blood, seminal, or vaginal fluids infected with the virus can cause an infection in
another person. With a possible half-life of seven days, the virus is moderately infectious.
The following are ways that hepatitis B is spread: having multiple sexual partners, using
a syringe contaminated with the virus, and having unprotected sexual intercourse with an
infected person through the vaginal, anal or oral route. Additionally, during pregnancy,
childbirth, or even breastfeeding, an infected woman might vertically transfer the hepatitis
B virus to her foetus (Global Hepatitis report 2022, n.d.).

If left untreated, it usually does not have any specific symptoms in adults and lasts for
several months. If the chronic infection is not promptly treated and adequate care is not
given, children and adults may easily get severe illness and experience liver complications
or even die. HBV infection is hard to fight for all generations. Hepatitis B vaccines are
administered to babies and also to people who are vulnerable to the infection. Many in-
dividuals have been found to have hepatitis B, yet the symptoms are not usually obvious.

They go unnoticed if no symptoms are seen until two or three months after infection. The



virus can still be transmitted at acute or asymptomatic stage. Acute infection shows symp-
toms similar to influenza such as; fatigue, fever, joint or muscle pain, general weakness
or nausea, weight loss, loss of appetite, vomiting, diarrhoea, jaundice, dark brown urine,
pale clay-colored stools. After six months individuals with acute infection progresses to
chronic hepatitis B infection stage. These include children aged below five years, expec-
tant mothers and people with immune deficient systems such as AIDS patients. Individuals
suffering from chronic hepatitis B are more vulnerable to liver cancer, liver conditions, and
liver failure.

Chevaliez, Roudot-Thoraval, Hezode, Pawlotsky, and Njouom (2021) emphasized that a
rapid sample blood test should be carried out to show whether one has the virus or not.
Liver function test may also be carried to check if the liver is damaged. A Hepatitis viral
load test is also a crucial step for early treatment, but is expensive and takes a lot of time.
It is advisable that even if one does not show symptoms a test should be done. One should
also be tested for other STIs if infected with hepatitis B. Getting tested for and treating
a hepatitis B infection is extremely crucial for someone who has had several sexual part-
ners. The duration of the viral infection determines the treatment to administer on the
patient with hepatitis B. An acute hepatitis B patient most often begins to recover in one to
two months, but there are no specific treatments. If a patient experiences symptoms, then
it is most likely to be treated at home, with enough rest and medicine where necessary.
Thus, acute hepatitis B in the majority of cases is resolved by the phenomenon of natural
immunity. Chronic hepatitis B requires a lifetime treatment, thus it is suggested that an in-
dividual who develops persistent hepatitis B, needs to receive treatment in order to manage
a number of the signs and symptoms. This will further reduce the chance of unfavorable
liver damage and delay the progression to liver cancer. The treatment only regulates the
virus by putting it under control without curing the condition. Having STTI tests regularly is
the best control intervention for good sexual health. For people with many sexual partners,
it is crucial to use condoms and get tested regularly, in the absence of any symptoms. Use
of shared and unsafe injectables such as needles, razors and syringes or other items that

may contaminate blood should be avoided. Body piercing, tattoos and acupuncture do not



transmit hepatitis B infection if new and sterile needles are used. Receiving hepatitis B
vaccination is a protective intervention for individuals at risk of HBV infection (Global
Hepatitis report 2022, n.d.).

Hepatitis B is a scary liver infection which can be fatal. It is an infection that lies on
the silent level and, unfortunately, is one of the greatest global health problems. Chronic
infection can be a constant threat and along with the risk of liver cancer and liver cirrhosis
remains high. Almost 3000 people die from hepatitis B every day and almost 90% of
people with viral hepatitis are unaware that they have it. The Eastern Mediterranean WHO
region has the highest incidence of hepatitis B infection, with 60 million persons infected,
followed by the South-East Asia WHO region (18 million), the European WHO region (14
million), and the American WHO region (5 million). Based on eligibility requirements
and location, WHO estimated in 2021 that 12% to 25% of people with chronic hepatitis B
infection could require treatment (Global Hepatitis report 2022, n.d.).

Abbas and Abbas (2021) estimated the number of individuals who contracted hepatitis B
which was about 257 million people worldwide. It is also true that out of thousand, only
10% of them knew their condition. The primary reasons for the infection being transmitted
from mother to child, is through nosocomial transmission, and in the course of sexual
contact. Working towards the health improvement of the millions of people who are living
in this state of ignorance should be a world-wide concern. HBV needs longer-term antiviral
care, but it is not obvious to identify patients in need of treatment; therefore, it is difficult
to develop such kind of protocol. To decrease the chance of contracting HBV infection
during pregnancy, pregnant women should be tested and begin ART if the virus is reactive,
from week 28 of pregnancy.

The plan of the elimination programme must include the following: implementation of
birth dosage and neonatal immunization, monitoring of individuals at high risk following
vaccination, catch-up vaccination, and carrier registration. WHO therefore gives a guide-
line that programs with a continuum of care are necessary to ensure there’s a provision
of prevention modalities (screening, treatment and referral). The program should be inte-

grated with the existing local health care services and also incorporate HBV testing and



treatment services. According to WHO, establishing a proper ambiance, creating aware-
ness, getting over the social stigma and screening those who are at a risk and treating those
infected should be the goal too. A holistic policy on this which incorporates capacity de-
velopment, funding and implementation strategies is favorable. The reduction strategies
would complement the national elimination efforts. In addition, it is advised that the guide-
lines for diagnosis and treatment of patients infected by HBV are streamlined. Monitoring
has to be done to track progress and to determine how much elimination program reduces
the incidence and the death from the disease, and whether the gaps in the treatment/ care
have been addressed.

As per the study by World Health Organization and others (2021), HBV contamination
is considered a primary public health burden causing great harm all over the world. The
WHO estimated that 296 million people were positive with chronic HBV, and 78,200 peo-
ple died from HBV infection in 2021. Worldwide, the mortality resulting from chronic
viral hepatitis has become higher than that caused by HIV, TB, and malaria together. Thus,
the World Health Organization has stated their intention to eliminate chronic hepatitis B
and C by the end of the 2030. The actual prevalence of chronic Hepatitis B infection among
PLWHA is unknown because of intermittent HBV screening and monitoring that is preva-
lent in many parts of the world (Kim, 2020). In Kenya information on prevalence of HBV
is poorly documented and majority of research has been dedicated to special groups such
as blood donors and people living with HIV, therefore it is possible that the samples are not
a good representation of population at large. Other studies have rigorous inclusion criteria,
which means that the significant demographics groups are not taken into account. HBV
testing is not among the list of common tests in hospitals, not even those for screening
program for pregnant women. According to the Kenyan Ministry of Health, the triple hep-
atitis vaccine at the age of six weeks with each dose being delivered according to the WHO
Expanded Programme for Immunization (EPI) is recommended as part of the national im-
munization programme. On the other hand, the ministry does not currently recommend
the monovalent Hepatitis B vaccine at birth, because they think that the transmission of

the virus in early life in Kenya is horizontal rather than vertical, and therefore the birth



dose vaccine will not provide any significant advantage over the vaccination that will be
started at six weeks. Nevertheless, more of data should be gathered to justify the basis of

legislation for this infection (Downs et al., 2022).
1.1.3 HIV and HBYV co-infections

The dual activity of an infection is when the patient lives with two distinct or similar infec-
tions.The co-infections present complexities in their transmission, treatment and control.
The cost of treatment of a co-infected patient is expected to be high and at the same time
it becomes difficult for the medical practitioners to decide on the medication. The co-
infection weakens much more, the immune status of a co-infected individual as compared
to that of a mono-infected individual. Consequently, the co-infected patients’ morbidity
and fatality rate rise. For this reason, attention should be given to developing novel strate-
gies in curbing this menace. Multiple infections are investigated in terms of their effect on
the host’s well-being and due to the possibility of changing the selective pressures upon
pathogens.

Co-infections that commonly occur alongside HIV include respiratory illnesses that cause
serious complications. In addition to causing serious disease on their own, co-infections
or the medicines to treat them may interact with HIV or HIV medicines. The medications
used in the treatment of the co-infections or the co-infections themselves are capable of
having an interaction with HIV or the HIV medications other than the fact that they are so
dangerous on their own. Moreover, HIV-positive status may increase one’s vulnerability
to concurrent infections, and conversely, some infections may in some situations augment
HIV infection rates. The paper by World Health Organization and others (2017), examined
the immuno-pathogenesis of the five most common infectious diseases; TB, cryptococco-
sis, HBV, HCV, and malaria that continue to significantly increase morbidity and death
among individuals living with HIV worldwide.

A fatal global disease that receives less attention is hepatitis C. Prussing et al. (2015)
projected that 399,000 people around the globe succumb to diseases related to HCV co-
infection affects approximately 71 million people. Liver illnesses are a leading source

of illness and mortality among PLWHA, accounting for about 2.3 million of the estimated



36.7 million persons living with HIV worldwide who are currently or have previously been
infected with hepatitis C virus (HCV). Studies on distribution of viral hepatitis show that a
minimum of 7 million individuals living with HIV have HCV or had contracted it at some
point in time. In the two WHO’s Southeast Asian and Western Pacific regions, 13.3 million
people meet the criteria for HCV. Some of the highest co-infection rates of HIV-HCV are
recorded in Eastern Europe and the Central Asian Region. While over 95% of patients
with HCV infection can be cured using the new DAA medicines, there are many patients
who have no reasonable access to these drugs.

HBYV is another common co-infection that is quite notable among PLWHA. Approximately
2.7 million people of the global population were co-infected with HIV and HBV in 2015,
and approximately 257 million individuals globally had chronic HBV infection. The WHO
Western Pacific region had both the highest prevalence rate and the biggest population of
HBYV carriers overall. Indeed vaccination against HBV is very important for those who
are suffering from HIV/AIDS. However, the utility of the hepatitis B vaccination could
be affected by immunological suppression that is caused by HIV infection; which reduces
the protective antibody response. And so, after organism overall rehabilitation, it might
be necessary to re-vaccinate (World Health Organization and others, 2017). Cervical or
anal cancer development is associated with HPV and this is a frequent co-infection among
HIV positive patients. Thus, it may be said that patients with HIV are more likely to have
persistent HPV infections and acquire these cancers than people who are HIV-negative.
Even though HPV vaccines have been developed, barriers exist toward their use in the
WHO Western Pacific region.

According to Bruchfeld, Correia-Neves, and Killenius (2015), another prevalent co-infection
that leads to one of the main causes of mortality for PLWHA globally is TB. WHO approx-
imates suggest that, compared to the rest of the population, HIV-positive individuals have
a 16-27 fold risk of acquiring tuberculosis(TB). The infection in its latent form has a high
chance of turning into active illnesses among people with weakened immune systems due
to poorly controlled HIV. To create novel approaches for the best possible treatment and

prevention, it is essential to comprehend the intricate relationships that exist between HIV,
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these co-infections, and the host immune system. Despite the increasing availability of
cART, HIV contributed, nearly 1.5 million deaths in 2010. The immunodeficiency as a
result of persistent HIV contamination increases the danger of co-infection with pathogens
which might be controllable some of which can be controlled by phagocytic antibody re-
sponses, through both innate and adaptive cell immunological responses. Furthermore, it
is typically not possible to return the pathogen-specific immune response to normal levels
while managing cART in the context of HIV co-infection (World Health Organization and
others, 2017).

The complexity of overseeing the treatment of a patient infected with HBV increases in
a variety of unique circumstances. Primary care physicians are in the best position to
identify and address these circumstances, as well as to coordinate treatment and refer pa-
tients to specialized services in order to optimize the health and well-being of those with
chronic HBV. Global public health is seriously threatened by the HBV shared pathways of
transmission with HIV, HCV, and hepatitis D viruses (HDV). Depending on the endemic-
ity of HBV and HDV as well as the primary means of transmission of HIV and HCV,
the incidence of co-infections varies greatly around the world. After a suitable pre-test
conversation, testing for the existence of all these co-infections should be made available
to all CHB patients. Every virus modifies the CHB infection’s normal course and makes
treatment strategies more challenging. Due to the complexity of co-infection management,
collaborative care with a specialist physician is typically necessary (Kourtis, Bulterys, Hu,
& Jamieson, 2012).

HDV is a virus that causes inflammation of the liver, and the type of hepatitis is caused
by the HDV which depends on the HBV in order to replicate. In individuals who have
chronic infection of HBV, the prevalence is close to 5 percent, but populations that are at
risk of co-infection include indigenous populations, those that receive the withdrawal of
haemodialysis and those that use drugs. Chronic HDV infection is also taken as the worst
chronic viral hepatitis as it develops very fast as well as leads to death of the liver including
hepatocellular carcinoma. HDV has been determined to be carcinogenic to human beings

in the same category as hepatitis B and C. An estimate published in 2020 suggests that
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close to 5 percent of worldwide individuals, with a persistent infection of HBYV, are living
with HDV, and co-infection may contribute to an estimated one in every five cases of liver
disease and liver cancer in individuals with an HBV infection. HDV co-infection can
be prevented by vaccination to HBV, and the spread of HBV immunization in childhood
has led to reduction of hepatitis D in most of the world. Simultaneous infection of HDV
with HBV can cause the symptoms causing mild-to-severe hepatitis, with full recovery
occurring as a rule, and development of chronic hepatitis D symptoms being a rare case
(World Health Organization, 2024).

HDV has been an issue of serious concern and its diagnostics and treatment are not an
easy issue because of its low supply and unstandardized nature. Pegylated interferon 3
alpha (PEG-IFN3 alpha) is the only form of treatment, but this has been limited because
it does not work well and has undesirable side effects. Nevertheless, novel drugs such as
Bulevirtide have demonstrated good performance. The hepatitis B treatments with nucle-
oside analogues have not directly resulted in the control of HDV. The services should aim
at preventing the HBV transmission by HBV immunization such as birth doses, antiviral
prophylaxis on pregnant women, blood safety, injection safety, and harm reduction ser-
vices. The Global Health Sector Strategies (GHSS) 2022-2030 developed by the WHO
directs the health sector in carrying out strategic responses to end AIDS, hepatitis, and
sexually transmitted infections by 2030. In 2024 the WHO has published revised guidance
on the prevention, diagnosis, care, and treatment of all individuals with chronic hepatitis
B infection, as well as official guidance on tests and confirmatory diagnosis.

HIV and HBV are contagious blood borne viruses that are transmitted from one individual
to another by semen, blood or other liquid secretions. Beside these, the primary route
of HIV and HBV are similar. These include, for example, having sex without a condom
and injected drug use, among others. According to research by Zaongo, Ouyang, Chen,
Jiao, and Wu (2022), between 10% and 28% of HIV-positive individuals also carry the
HBYV virus. The cases of HBV infections among HIV infected people around the world is
reported to be around 7.4%. Since 2015 WHO has recommended treatment for all those

who are diagnosed with HIV infection, whether in the early or the late stage. One of
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the medications in the combination regimen recommended as the first-line treatment for
HIV infection, tenofovir, is also effective against HBV. Chronic Hepatitis B (CHB) disease
should be conducted to a known positively co-infected patient applied during appropriate
pre-test discussion. Patients prone to constant comorbidity of co-infection can be referred
for repeat screening especially when their conditions worsen.

HCV co-infected patients should be given the opportunity to be receive DAA therapy and
the requirement for HBV treatment should be re-evaluated before HCV therapy is started.
Consequently, there is need for close monitoring of HBV-infected patients not receiving
the antiviral therapy in parallel to DAA therapy. Taking into account the fact that co-
infection takes much longer and may predispose patients to worse health states in case
of the worsening of either of the infections. Any patient who is undergoing a significant
immune suppression needs to be tested for HBV infection as the virus can reactivate and
the associated flare of hepatitis can be fatal. While administering HBV vaccine to all
people susceptible to HIV goes against Centre for Disease control (CDC) recommendation,
this explanation clarifies that CDC supports HBV vaccination of all people with HIV to

prevent HBV infection in them (Schillie et al., 2018).

1.1.4 Optimal control strategies

Several clinical and non-clinical control measures to curb HIV and HBV mono-infections
are in use. These measures include but are not limited to abstinence, condom promotion
and use, health education and campaigns, Voluntary counseling and testing (VCT), use
of treatment such Anti-retroviral (ArVs), Pre-exposure prophylaxis (PreP), Post-exposure
prophylaxis (PEP), and vaccination among others (Radix, Gonzalez, & Hoffmann, 2022).
Despite the benefits realized from these measures, it is important to design the best optimal
control strategy that will arrest the co-existence between these viral infections.

An optimal control model is therefore necessary to study the interaction between these
viruses. Thus, if a mathematical model for a certain system is developed, there are sev-

eral approaches to determine the best control. For instance using Pontryagin’s maximum
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principle one is able to find out the optimal control given some constraint for a model
system of general differential equations. Gaff and Schaefer (2009) discovered variations
of Pontryagin’s maximum principle for several model types, such as partial differential
and difference equations. Utilizing these techniques on illness models yields significant
results and useful insights into the most effective ways to lower the burden of disease. To
determine the optimal vaccination schedule that balances the cost of the vaccine and the
cost of the disease burden, for instance, a mathematical model of the specific disease can
be utilized (Hethcote, 1988). Determining the disease’s epidemic structure is one of the
first steps in employing optimum surveillance to recommend intervention methods for a
particular condition.

Control is co-ordinated in a dynamic system to accomplish a goal in optimal control prob-
lems. State variables and control restrictions are included in the fundamental optimum
control issue. Differential equations that rely on the control variables are satisfied by the
state variables. The differential equation’s solution varies as the control function does.
Therefore, the relationship between control and state is expressed as a mapping of control
variables and state variables. State variables are functions of independent variables. Find-
ing a piecewise continuous control, u(¢) and the matching state variable, x(¢) to maximize
or minimize a given objective function is the primary goal of an optimal control problem.
The underlying system may hold a wide range of equations such as; discrete, stochastic, in-
tegral difference, partial, and ordinary differential equations. Lenhart and Workman (2007)
emphasized the use of an optimal control theory is a very powerful form of mathematics
to make decision making in complex biological settings. Neilan and Lenhart (2010) stated
that modeling the situation using an ODE system, choosing the form and bounds of con-

trol, building the corresponding objective function, and proving the existence of optimal
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control are the fundamental steps in setting up and solving an optimal control problem.
We demonstrate, derive the required conditions for optimal control, characterize optimal
control, and compute optimal control numerically.

In addition, there may also be a desire to demonstrate the uniqueness of optimal control.
The analysis of the changes of the optimal control depending on the model parameters
is necessary. We must first understand how the parameters affect the uncontrolled model
and then consider the control case. Stochastic optimum control issues arise when systems
defined by Stochastic Differential Equations (SDEs) are taken into consideration using the
optimal control theory. Enhancing system performance through the determination of the
best control and stochastic parameter values is the goal of optimal stochastic control issues.
Most control theories result in the computation of time derivatives; a feature that stochastic
processes do not conform with regular calculus. This makes the stochastic optimal control
problem a difficult problem to solve. This means that it is necessary to utilize techniques
that would enable one to differentiate and integrate stochastic processes using the Ito’s
lemma (Dixit, Dixit, & Pindyck, 1994).

Simulations allow us to find theoretically optimal vaccination strategies. The age groups
that should receive vaccinations first in order to reduce expenditures or death during an
influenza pandemic were determined by Longini Jr, Ackerman, and Elveback (1978) using
an epidemic model. The ideal age for measles immunization was determined by Hethcote
(1988) using a modeling technique. These findings primarily mean that to mine the ideal
age for vaccination, more precise data on age-specific vaccine efficacy are required. Thus,
the use of epidemiological modeling can help determine what information should be gath-

ered.
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1.1.5 Deterministic and stochastic models

The frequent use of epidemic models to analyze HIV and HBV mono-infection and its
dynamics has long been appreciated. Numerous research studies have been done on the
transmission of HIV / AIDS infection and Hepatitis B at both population and in-host scales
(Shahriar et al., 2022). Since reality is complex, certain assumptions are postulated to de-
velop a model from a real life phenomenon. Models are built on various premises; the
question a model tries to answer or the problem it seeks to address. Generally, mathemat-
ical models are classified as deterministic or stochastic (Martcheva, 2015). Deterministic
models do not contain any elements of randomness, uncertainty and chance in detecting
future conditions of the system. They merely explain the average tendency of an infec-
tion and possibilities are not taken into account estimates and average results are obtained
based on initial conditions. Deterministic models are applicable to large populations. To
formulate them, ordinary differential equations are employed. However, stochastic models
include randomness, having uncontrolled data with uncertainties and variations. They gen-
erate a wide range of results based on the actual values of the random variables. Stochastic
models are applicable for small populations and are more realistic compared to determin-
istic models.

Mathematical models have been applied extensively in many areas of science ad tech-
nology across the natural sciences and the social sciences. One of the essential areas is
the use of the approaches in the mathematical description of complex systems and, in
particular, living things. Actual experiments sometimes cannot be carried out on live sub-
jects for some practical reasons such as the complexity of the organism or for the lack of
some equipment in certain situations. This type of experiment is normally of a chronic
nature, raises a lot of funds, and is highly susceptible to ethical concerns. The concepts
of mathematical models include some characteristic features of the described phenomena
and estimate the potential development of the processes without actual experiments(Kapur,
2023).

In contrast to the modeling of physico-mechanical systems, it is necessary to point out

the specifics of the difference between living and the dead matter for scientists who work
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with biological systems. As is known, the concern of systems, which concern inert mat-
ter, can be analyzed by using the invariance principles and the conservation laws and the
interaction of their constituent components obeys the laws of Newton or quantum mechan-
ics. On the other hand, these laws cannot be applied for living organisms in the same
way as above considerations. Due to the kind of existence that living things have and in
an attempt to survive they have a high internal differentiation. They feed, resuscitate, in
order to fend off pests and predators, and, essentially, many transformations of substances
and energy occur. From the perspective of several centuries when organisms have been
learning, while adjusting to various circumstances, such adaptation has been elaborated
which makes possible altering the ways of operation of the structural components with
subsequent reproduction or elimination according to these circumstances. Several diseases
including- Cancer, Infectious diseases, auto-immune diseases, Cardiovascular diseases,
Neuro-degenerative diseases and several more have been described using mathematical
models (Brauer, Castillo-Chavez, & Feng, 2019).

Mathematical modeling facilitates the comprehension of real-world issues, their formula-
tion into mathematical models, and the interpretation of the results in relation to the real
world. Creating a mathematical model is the process of mathematical modeling. It is a
system interpretation made possible by a variety of packages and notions. History demon-
strates that the use of mathematics in biology dates back to the 12th century (Vinothini &
Kavitha, 2020). In the study of biology, mathematical modeling develops into an inter-
disciplinary field that learns about both biology and mathematics. These days, research is
favouring trans-disciplinary and interdisciplinary studies. Mathematical modeling is now
used in different areas of medicine, dynamics, population biology, ecology, bio-statistics,
and molecular biology. In biology, botanists, zoologists, and chemists along with mathe-
maticians build up models of a definite structure. Modeling can be easily understood when
done in forms of diagrams. Thus, the use of modeling in research assists in enhancing
understanding of the role of outstanding factors in different biological activities and oc-
currences, like various diseases in medicine, the reform of existing and appearance of new

medications, treatment regimens, hospital technology, and successful health care manage-
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ment system. The advancement of computing techniques and mathematical theories may
be influenced by the uses of mathematical models in biology and medicine (Banerjee,
2021).

Epidemiological classical models in a way base most of their frameworks on the assump-
tion that every individual within the prevailing population has the same susceptibility to
an infection and probability of passing it on to other beings. Nevertheless, these assump-
tions are not always realistic for directly transmitted infectious diseases which exhibit a
high level of variability in percentage of infection. According to classical epidemiological
models, within a particular population, there exists several kinds of individuals: susceptible
(S), exposed (E), infected (I), and recovered (R). The people are segregated into partitions
or sections commonly referred to as compartments depending on their level of infection
or diseases. Among the most widely used classical models are; SIR, SIRS, SI, SIS and
SEI. The SI model represents illnesses for which infection with the disease does not confer
immunity, whereas the SIR model represents illnesses for which infection with the disease
confers immunity.

The epidemics models are done for the diseases that persists for a very short time while
models for an endemic situation are done with a view of looking at the implications of
“herd immunity’ on vaccination of specific disease (Hethcote & Levin, 1989). The above
mentioned classical epidemic models are subject to further extension or alteration to in-
corporate demographic aspects of the populations, or both the pharmaceutical and non-
pharmaceutical interventions. For this reason, these models differ from one disease or
infection to another. Furthermore, deterministic or stochastic processes are used for build-
ing mathematical models. There is no randomness in a deterministic model, people get
solutions that is an average, there is no room for one possibility or the other. Ordinary dif-
ferential equations are utilized to formulate the deterministic models. On the other hand,
stochastic models, which are created using SDEs and CTMC among other methods, permit
unpredictability.

The methods employed by pathogens and host organisms are complex; the interactions

between the micro-organisms that attack cells, and the bodily defense systems of the host,
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can be primary where both the infectious agents are in the cell or extracellular wherein
each of the infectious agents provokes immunological or inflammatory response. Accord-
ing to Derouin et al. (1998) numerous studies have demonstrated the advantageous impact
of co-infections; many studies of bacterial, protozoal, and fungal infections have been
done to prove multiple infection models, proving that infection by one germ may be pro-
tective against a second pathogen. In other cases, protective immunity or a close match
to other bacterial antigens would provide the protection. This paves the path for the de-
livery of vaccines utilizing non-virulent organisms, or hetero-immunization. On another
occasion, the protection can come from related or unrelated organisms, indicating that
the non-specific immunity might also be implicated. Although co-infection models with
viruses have proven to be very useful for researching the patho-physiology of opportunistic
infections and how they interact with the development of a viral disease, few pharmaco-
logical applications have been developed to assess the efficacy of drugs that target the
virus or the pathogen in order to prevent illness. The primary goal for the development
of the models for acute and chronic co-infections was to research treatment approaches
to stop opportunistic infections. This strategy was considered to be appropriate with the
occurrences of multiple diseases in individuals having a compromised immune system (es-
pecially HIV patients), effectiveness of certain drugs against different pathogens as well as
the possibility that in vivo experiments better represent real clinical scenario as compared
to the commonly used in vitro models.

Co-infection models introduce additional complexity by including a co-infected host class
other than the mono infected classes. Previous studies have considered several mathemat-
ical models for HIV and HBV co-infections with multiple specific diseases such as ; HIV-
TB co-infection model by Bruchfeld et al. (2015), HIV-Pneumonia co-infection model by
Teklu and Mekonnen (2021), HIV/AIDS- COVIDI19 co-infection model by Ringa et al.
(2022), HIV-malaria co-infection model by Amwata (2015), HIV-gonorrhea co-infection
model by Mushayabasa, Tchuenche, Bhunu, and Ngarakana-Gwasira (2011) among many
other studies that have focused modeling in this direction. The existing HBV co-infection

models include HBV-HCV, HBV/HDV (Packer, Forde, Hews, & Kuang, 2014), TB/HBV
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(Bowong & Kurths, 2010), HIV-HBV (Yusuf & Idisi, 2020). These models were developed
and analyzed in the previous studies with different considerations.

The national and global health aspirations are envisaged in sustainable development goals
(SDGs), Kenya Vision 2030, the Big Four Agenda, BETA and the Kenyan constitution.
Among the SDG is goal No.3, that targets progress towards supporting the promotion of
healthy lives and well-being for all, through prioritizing and working toward decreasing the
burden of the total health expenditure to attain the necessary level of UHC. The approach
followed was the global implementation of the 2030 Agenda for Sustainable Development;
the assessment of this was provided by the SDG Report 2022, using the most updated
estimations and data. While tracking regional and worldwide progress towards the 17
Goals, it has a breakdown of specific indicators for each Goal. According to the Report by
Sachs et al. (2022), a range of closely connected and escalating issues pose a threat to the
2030 Agenda for Sustainable Development and human existence. The Report pays specific
attention to the importance and extent of the issues societies and nations grapple with.
COVID-19, climate change, and conflicts are unfolding crises that impact all the SDG and
have subsequent impacts on health, learning, food and nutrition, environment and peace
and security. The report outlines how the gains of several years in several aspects of life
such as in the provision of basic services, health and education, alleviation of hunger and
poverty, among others were all undone. It also defines the sectors for which, by 2030, much
needs to be done to preserve the Sustainable Development Goals and make the necessary
changes for people and the environment’s progress.

The SDG report by Sachs et al. (2022) indicated that COVID-19 pandemic is a persistent
reality that affects people’s health and increases barriers to reaching Goal No.3. Some
of the improvements that had been observed before the pandemic affected overall health
in reproductive, maternal, and child health; immunization coverage; and the treatment
of communicable diseases, but they had massive inequalities across the regions. The
COVID-19 outbreak significantly affected the fundamental health interventions, increased
the prevalence of anxiety and depression, reduced global life expectancy, interrupted the

fight against HIV, TB, and malaria and threatened universal health coverage, which was
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promised to be achieved in 20 years. As a result, vaccination reach actually declined for the
first time in 10 years, while the numbers of people perishing from malaria and tuberculosis
went up. For a system shift towards the achievement of Goal 3, increased and collaborative
efforts are needed in the shortest time possible.

The Kenya Vision 2030 is a long-term development strategic plan that seeks to alter the
country’s economic structure and status to middle income status by the year 2030. Accord-
ing to this vision, Kenya is to be a prosperous and competitively ranked country globally
where citizens’ quality of life is significantly enhanced. The above blueprint has been
premised on three major factors that include; the economic, the social and the political
factors. Projects of the development in the social pillar of the Vision are outlined for the
nation’s social change. Under the social pillar of the vision there is a noble quest of attain-
ing a just and coherently developed society with emphasis on social sectors such as health
care, education, water and environment, housing, youth sports and culture, gender, and
youth. The extension of social services and the integration of society’s most vulnerable
segments will accomplish this. For instance, a suggestion is made to shift the paradigm of
the development of the emphasis of the healthcare system which is primarily on preven-
tive than on curative care. with focus on increasing utilization and reducing costs to the
population particularly the most vulnerable.

The long term goal of the health sector for 2030 is to make quality healthcare more accessi-
ble to the general public. The first stage of this five-year medium range plan is to revitalize
health centers, focusing more on preventive services than on curative ones. The sector
also plans to decentralize more authorities and resources through direct funding of hospi-
tals rather than district headquarters to reduce bureaucratic setbacks of government. This
would also include a disconnection of the Ministry of health from from policy formulation
rather than service provision. With an objective of increasing the efficiency of health care
management through operationalizing decentralization at district, provincial and national
levels to support institutions to offer quality health care. Also there is a proposed Social
Health Insurance Fund (SHIF) so as to enhance equity in access to health for everybody.

Some of the directional proposals will entail enacting of laws, and therefore, involving
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parliament (Mwenzwa & Misati, 2014).

In a study on the challenges of the vision 2030 strategy implementation, Moyare (2012)
acknowledged that the Kenya government has experienced several challenges. The study
shows that one of the major areas of challenge was leadership since there was a lack of
commitment and agreement on a common goal among the leaders who were steering the
2030 strategy plan. Organizational culture was recognized as a challenge as it has been as-
sociated with people’s refusal to change their roles as assigned to them by the government
during the part of the fine-tuning of vision 2030 strategy. The second focus was about
the inadequacy of capital mobilization which could be attributed to the increase in cost of
capital and the low trend of savings in the country. The study also found that were are
three types of resources that had been a problem, namely financial, physical and human.
Furthermore the analysis identified other difficulties such as the failure of creation of the
public-private partnership which was intended to play a key role in financial mobilization,
limited resources, lack of effective communication between stakeholders and lack of skills
among civil servants in the community. Ultimately, the study showed a deficiency of the
Kenyan Government in establishing reward and support channels for all the policymakers
and practitioners who contribute to the implementation of Vision 2030 strategy.

The "Big Four Agenda", a Kenyan transformative agenda initiated in 2017, prioritized
four main areas: for instance, investments in Universal Health Coverage (UHC) to en-
hance access to quality and affordable health care for all the citizens in Kenya; Quality and
affordable housing; Food security to feed every citizen in Kenya and industrialization for
adding value to its products; as well as to create job opportunities for the country’s popu-
lation by 2022 as emphasized by M. James (2019). This transformative agenda was meant
to tackle the key challenges that Kenyans were facing and to provide the right environment
that would foster growth of Socioeconomic development. With regard to health, intentions
are made to finalize NHIF reforms, to increase the number of county’s health facilities, and
to improve the health professional training in order to develop the quality and affordability
of the health care across the country. The government then had shown what seemed to be

a very solid commitment in the last time allotted to the agenda of the so-called Big Four
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reforms. However, the following problems soluble continue to arise which hampered the
implementation of this strategy. Such issues as financial constraints, the lack of public
knowledge concerning the Big Four and corruption, early campaigns in early 2022, and
conflicts between the federal and the state governments were some of the issues that were
discussed. A legislative push was launched in response to these difficulties to help realize
the Big Four goal. A legislative foundation for ongoing health research was one of these,
and it was developed through the National Research/Health Bill.

The Constitution of Kenya 2010 accords every citizen of Kenya the following economic
and social rights; right to health care, education, right to food and right to a decent qual-
ity of life. The devolved county administration is in charge of a number of operations in
the following areas: markets, county public works, water and sanitation services, early
childhood education services, agriculture and health (Kenya, 2013). The Big Four Agenda
was finally abandoned and replaced with Bottom-up Economic Transformation Agenda
(BETA) which adopts many of the Big Four Agenda proposals especially in health mat-
ters. The Kenya Kwanza Government development blueprint, BETA, 2023-2027 road-map
intends to raise Kenyans’ standard of living by providing an effective, integrated, high-
quality, reasonably priced healthcare system that meets all the requirements. Increasing
the number of people receiving healthcare and developing a single basic health benefit
package that would provide access to primary healthcare services among other services

are the two key goals of the strategy.
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1.2 Statement of the Problem

Among those with HIV, HBV is a major cause of death. The co-infection brings complex-
ities in designing control and prevention strategies for HIV-HBV co-infected individuals.
According to WHO, the HIV-HBV co-infection morbidity and mortality rates are high es-
pecially among pregnant women, children aged below 5 years, with disparities in regional
spread, management and care. Further, the predisposing factors of these co-infections are
not well known. Clinical trials are ongoing to understand the association between these
viruses and adverse effects of treatment regimens on the co-infected patients. Both clinical
and nonclinical interventions have been employed in managing HIV and HBV single vi-
ral infections. Since co-infection increases fear and death beyond what would be expected
from either infection alone, HIV and HBV co-infection have not received enough attention.
As a result, the co-infection of HIV and HBV complicates the dynamics of transmission
and increases the risk of death, malignancy, and persistent infection. Current treatments
cannot completely remove either virus. World Health Organization (2024) report indicate
that a large of population are unaware of their HIV, HBV as well as its co-infection sta-
tus with many countries across the world having no information about this co-infection.
Although there are some mathematical models of HIV-HBV co-infection in the literature,
there exist evidence that there is an interaction between the two infections.

Previous studies by Bowong and Kurths (2010), Yusuf and Idisi (2020) considered a deter-
ministic model of HIV and HBV co-infection. Few compartments representing infection
differences were considered. The authors’ intention was solely to prevent HBV infec-
tion; they did not take into account treating other infections. Endashaw and Mekonnen
(2022) focused on how treatment and immunization affected the dynamics of HBV-HIV
co-infection transmission. An analysis of the impact of HBV and HIV MTCT on the
co-infection’s transmission patterns was conducted by Endashaw, Gebru, Alemneh, et al.
(2022) so the significance of screening in the dynamics of HIV/AIDS-HBV co-infection
was pointed out to have been overlooked in their research. In order to influence the dynam-
ics of HIV/AIDS-HBYV co-infection transmission in a population, screening and testing are

essential. Other factors such as viral load saturation, optimal control interventions and un-
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certainties were not considered in these studies. This is the focus and consideration of the
current study.

Screening and testing of susceptible populations for HIV and HBV as well as viral load
test in co-infected individuals are required to select the optimal control interventions. A
mathematical model is needed to assess whether screening is a risk factor for HIV-HBV
co-infection and establish the optimal control strategies. Screening and testing are key
components in planning for treatment as well as a prevention measure. There are hazards
associated with screening tests. The majority of screening tests carry dangers, and not all
of them are beneficial. It’s critical to understand the test’s hazards and whether it has been
shown to lower the risk of dying from a disease. This work presents a deterministic model
to describe HIV-HBV co-infection in Sub-Saharan Africa (SSA) taking into account risk
factors and optimal control measures with a view of ascertaining its transmission trends
and health implication. The deterministic model is extended to stochastic model to predict

infection outcomes and uncertainties in infection spread.
1.3 Objectives of the Study
1.3.1 Main objective

The broad objective of this study was to model the impact of clinical and nonclinical
optimal control strategies on the dynamics of HIV-HBV co-infection using deterministic

and stochastic approach.
1.3.2 Specific objectives

The specific objectives of this study were to;
1. Formulate a deterministic model of HIV and HBV co-infection.
ii. Analyze and simulate the deterministic model based on reproduction number and
strength number.
ii1. Establish the optimal control strategies for the developed model using Pontryagin’s
Maximum Principle.
iv. Convert the deterministic model to a stochastic model using Stochastic differential

equations.
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v. Simulate SDEs numerically.
1.4 Justification and Significance of the Study
1.4.1 Justification of the study

The study of HIV-HBV co-infection is essential because it has a large effect on infection
development, higher mortality, and the possible development and risks of liver disease. It
may also cause an immune dysfunction, which makes treatment even more complicated.
The combined infection of HIV and HBV predisposes to the development of liver cir-
rhosis, hepatocellular cancer and mortality related to liver disease (Gopalappa, Farnham,
Chen, & Sansom, 2017). It also causes a higher morbidity and mortality rate and can
coincidentally weaken the immune system against HBV. Possible toxicities of drugs and
drug resistance can be treated with complications. HIV might hide HBV diagnosis hence
its management becomes challenging. According to Mayaphi et al. (2012), People Living
with HIV (PLWHIV) live longer due to increased access to antiretroviral therapies, but
are still susceptible to opportunistic infections and co-infections, especially with the HBV.
Co-infections occur due to shared transmission modes, HIV infection, and side effects of
HIV drugs. Those with HBV/HIV co-infection are more likely to die due to hematological
problems, organ failure, and chronic liver disease (Abatenh, Asmamaw, Hiluf, & Mo-
hammed, 2018). Studies should focus on coming up with viable therapeutics of HBV in
HIV co-infection situations. Thus, this study focuses on formulation of deterministic, opti-
mal and stochastic mathematical HIV-HBV co-infection models that incorporates clinical

and non-clinical control interventions.
1.4.2 Significance of the study

The findings of this study will assist policy makers and healthcare practitioners to iden-
tify patterns of HIV-HBV co-infection and the process in which to apply clinical and
non-clinical control interventions. Since ignorance forms an obstacle to HIV testing, pre-
vention, and care as well as HBV and its co-infection, the government should come up
with programs that directs the targeted population to access such information so that early

screening and treatment can be done. Additional considerations should also be made to
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boost activities aimed at the elaboration of the treatment regimens for co-infected patients.
This is an essential step in lowering the morbidity and death from HIV and chronic hepati-
tis B. Ignorance is rife in many people who do not know their status ad hence do not seek
treatment. This not only constitutes a likelihood of succumbing to fatal liver disease or per-
haps liver cancer as one gets older, but it might also result in people passing the infection to
other individuals without knowing it. The outcomes of this investigation would be relevant
to the maternity clinics, Voluntary Counseling Treatment centers, medical laboratories,
government research centres and NGOs by placing importance on the coordinated factors
of HIV-HBV co-infection. The research findings of this study also add to knowledge in
the content area and future studies of mathematical modeling of HIV-HBV co-infection.
Further, this study helps in realization of the health targets envisaged in SDG goal No.3,

Africa Agenda 2063, Kenya vision 2030, and the BETA Agenda.
1.5 Scope of the Study

The study formulated both deterministic and stochastic models of HIV and HBV co-
infection focusing on optimal control interventions to mitigate HIV and HBV infections.
Secondary data and published parameters from the literature were taken from Sub-Saharan
Africa and further used to validate the models. Other possible co-infections with HIV and
HBYV such as TB, malaria, COVID-19, pneumonia and other STIs are not considered in
this study. Population resistant to HIV and HBV treatments is not captured in the model.
The progression of chronic Hepatitis B to cancer stage is also not considered in the model.
HIV-2 strain and other hepatitis strains are ignored. At the same time, the differences in
individuals health status and transmission of HIV and hepatitis B infections is not taken

into account.
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CHAPTER TWO: LITERATURE REVIEW
2.1 Introduction

Most of the developed mathematical models concentrated on determining the parameters
that contribute to HIV and HBV mono infections and assessed their sensitivity. A few
HIV-HBV co-infection models exist and included the clinical intervention strategies such
as treatment and vaccination. Non-clinical control strategies such condom use, health ed-
ucation, mass media campaign among others are not taken into account. The developed
models also assumed vertical transmission of HIV and HBV through MTCT. Screening
component has also been ignored in these models. The different phases of Hepatitis B is
also not taken into consideration. Furthermore, few studies have been dedicated to illustrat-
ing the impact of HBV on HIV infection. This chapter begins with a review of interaction
between HIV and HBYV, existing co-infection models of HIV-HBV with or without control
interventions and etiological factors and finally focuses on the current research.

HBYV and HIV are blood-borne viruses transmitted primarily through sexual intercourse,
injection-drug use, mother to child during pregnancy, delivery or breastfeeding. Because
of these shared routes of transmission, a high proportion of adults are at risk of HIV and
HBYV infections. People with HIV who become infected with HBV are at increased risk of
liver-related morbidity and mortality (Spradling et al., 2010). To prevent HBV infection in
people with HIV, universal hepatitis B vaccination for all susceptible people infected with
HIV is recommended (Bellini et al., 2009). People with HIV who test positive for HBV
should receive HIV antiviral medication such as tenofovir and entecavir which are active
against HBV. However, it has been observed that although HAART can limit the progress
of HIV infection to a certain point, HIV infection can further magnify the harm for HBV
infected patients. The mechanisms by which this happens are still relatively unknown (Y .-
J. Li, Wang, & Li, 2012). Sun et al. (2014) noted that HIV infection and low CD4 count
are common in all the HBV phases including reverse seroconversion, viral disease pro-
gression, development of hepatic fibrosis, HCC and reactivation and in chronicity. Other
factors also found to be independently related to 1ow CD4 count in treatment naive HI'V-

HBYV co-infected patients include high HBV DNA level as well as low clearance rate of
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HBeAg. The directionality of the relationship is, however, not fully understood although,
on one side the evidence sustains the concept that CD4 + T cell is important for the im-
mune response against HBV and for the early clearance of the virus, thus, low CD4 count
in HIV infection may predispose one to uncontrolled HBV replication while, on the other
hand, HBV may contribute to the decline of CD4 count through immune activation .

Clinical research indicated that patients with both HBV and HIV showed lower base count
of CD4 and considerably higher base levels of HIV load they obtained before they started
HAART. The study has also pointed out that HIV can increase the rate of progression of
disease in HBV due to the suppression of innate immunity thereby suggesting that the sub-
jects’ natural history of HIV was altered to some extent due to HBV infection. So, the issue
regarding microbial translocation as well as the process of immune activation in the case
of co-infected patients with HBV/HIV remains an enigma. Similarly, another study by
Singh, Crane, Audsley, and Lewin (2017) noted that HIV co-infection also affects the nat-
ural course of chronic HBV, having higher HBV DNA level, more aggressive liver disease
and higher liver related morbidity and mortality than HBV mono infection. Early HBV-
ART commencement prior to the onset of hepatic events has resulted in notable alterations
to the natural history of individuals co-infected with HIV and HBV, but the burden of liver
disease still remains higher among the co-infected patients than mono-infected counter-
parts. Therefore, the study argued that research to enhance the development of cure for

HIV and HBYV is necessary since the outcome will affect co-infected people.
2.2 HIV-HBV Mathematical Models

This section covers HIV, HBV mono-infection and co-infection models related to the cur-
rent research.

Saha and Samanta (2019) developed structured models that included the transmission of
HIV/AIDS, and treatment as well as usage of pre-exposure prophylaxis (PrEP). It also
takes into consideration the impact of a person’s behavioural reaction to PrEP informa-
tion.. PrEP use by uninfected individuals really be the primary factor preventing HIV
infection from spreading. The analysis of the model has offered details about the local and

global stability of the points along with the structure of the model. Besides, the problem of
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optimal control has been formulated which incorporates target function of treatment cost
and fatality in the context of treatment choice and PrEP information effect. Based only on
PrEP knowledge, the therapy is more effective for long-term management, but it will be
more cost-effective in the short term. This is demonstrated by the numerical analysis. Ad-
ditionally, using two control therapies voluntarily would be more preferable than using just
one. It also greatly reduces the number of infectious persons with the goal of completely
eliminating the illness, minimizing the financial costs associated with both its burden and
management. According to the suggested model, the population’s acceptance of PrEP re-
duces the number of new sexual transmissions, which can enhance the HIV prevention
mechanism. Furthermore, it was discovered that the combined impact of the two control
measures was more cost-effective than the use of one strategy throughout the duration of
the epidemic.

Yusuf and Idisi (2020) looked at a mathematical model on the co-epidemic of HIV and
HBYV that was simplified and consisted of four non-linear ODEs. The basic reproduction
number, or Ry of the model was used to determine the necessary conditions for the stability
of the model equilibrium. It was demonstrated that for the corresponding HB V-sub model,
HIV-sub model, and complete model, each of the three disease-free equilibrium Eyp, Eop,
and E is locally asymptotically stable when Ry < 1 (i.e., Rp < 1,Ry < 1 ). Additionally,
the proper Lyapunov functions were used to complete the global stability study of the HI'V-
sub model and the HBV-sub model. Furthermore, a sensitivity analysis was conducted on
Rp concerning all model parameters. The results indicated that HIV transmission rate, T
and HBV transmission rate, y were the factors that Ry was most sensitive to. This means
that if the two parameters are to be predicted with the use of the model, then estimation
of each of them has to be precise. It also implies that in an attempt to mitigate the spread
of the two diseases, control actions that reduces each of these factors would be useful.
However, the numerical solution of the suggested model was performed using the Runge-
Kutta method of order four, and MATLAB R2016a was used for this purpose. According to
the findings of their mathematical investigations, their numerical result simulations agree

with their conclusions. The simulations showed that although the co-epidemic could not
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be eradicated completely, if the co-epidemic of HIV and HBV is to be contained in such
a population, control measures that would reduce the basic reproduction number below
one must be implemented. Since failing to do so could result in an alarming co-epidemic
of both diseases, it is advised that proactive and effective control measures be effected
in any society where either HIV or HBV disease is endemic in order to stop the other
disease from spreading. Starting programmes that would enable prompt identification of
sick people could help achieve this, and patients who have been found to be infected should
receive sustained counseling and start treatment right away.

In another study, Endashaw and Mekonnen (2022) introduced and contrasted a determinis-
tic model for assessing the effect of immunization and treatment on the transmission of co-
infection between HBV and HIV/AIDS. The HBV-HIV/AIDS co-infection model’s pre-
intervention estimate was RgH , and its post-intervention estimate, which included treat-
ment and vaccine, was Rff? . They were able to evaluate the numerical values of the basic
and effective reproduction numbers in order to ascertain the effectiveness of their inter-
vention by applying their methodology to the used data. The basic reproduction number
RgH = 4.2 and the effective reproduction number Rff? = 0.94 are represented numerically.
This suggests that if an intervention mechanism is not put in place, one sick person will
infect at least four healthy people during their infectious period. However, after combining
vaccination and treatment strategies into a single model that decreases the impact of the
co-infected person with both HBV-HIV/AIDS, the effective reproductive number is found
to be RBI! = 0.94 which indicates it is below the threshold value, which is one. This implies
that the illness will vanish from the community and that, should individuals follow the vac-
cination and treatment recommendations, the possibility of the illness infecting others will
be eliminated. The stability of the endemic equilibrium points of the sub and full models
when Rfﬁ- ,Rgff > 1 and RffIf{ < 1 was demonstrated, as was the local and global asymp-
totic stability of the disease-free equilibrium points of the sub and full models when the
reproduction numbers Rfff ,Rgff > 1 and Rff? < 1 were demonstrated using that dynamical
system analysis.

Despite the aforementioned observation, the sensitivity analysis that was carried out to
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demonstrate the effect of parameter variability on the effective reproduction number of the
HIV and TB has been the only source of information available regarding the general pro-
files of parameters of infection and; the most sensitive factors are the HBV co-infection
model, wp and Wy, which represent the effective contact rates for HIV and HBV transmis-
sion, respectively. According to the simulation results, the number of HBV infectious indi-
viduals, the number of HIV infectious individuals, and the number of HBV and HIV/AIDS
co-infectious individuals decrease significantly and even eventually fall to zero if the effec-
tive contact rates wg and wy are less than 0.42 and 0.58 for HBV and HIV transmission,
respectively, the proportion of immune individuals following vaccination to HBV infection
is greater than 0.14, the treatment rate for chronic HBV. Therefore, it is determined that in
order to prevent the spread of both the Hepatitis B Virus and HIV/AIDS infection, it is im-
perative to reduce the effective contact rates for HBV and HIV transmission and to utilize
vaccination and treatment at the highest possible rate. From the numerical outcomes they
advised public policy makers and other concerned bodies should concentrate on boosting
up the vaccination against HBV infection, treating HIV/AIDS and hepatitis B to reduce the
prevalence of this unusual co-infection. This study did not explore the distribution pattern
of HBV and HIV co-infection in a population due to screening reasons. It could change
how HIV/AIDS and HBV co-infection propagate within a community. This was left for
future consideration.

Endashaw et al. (2022) investigated how HIV-HBV co-infection dynamics were affected by
mother-to-child transmission in order to develop a proposal that the public health commu-
nity, policy makers, and programme implementers can use. Based on numerical modeling
results, it was found that while a decrease in these rates decreased the number of cases,
an increase in MTCT rates of both HBV and HIV exacerbated the co-infection, helped
the spread to be limited, and assisted in the eradication of co-infection of HIV and HBV.
Additionally, they advised that besides the policy that the study presented by Endashaw
and Mekonnen (2022), the policy makers and other relevant parties should also support the
suggested approach to lower the rate of multiplication of concurrent MTCT of HIV/AIDS

and hepatitis B infections.
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A susceptible (S), exposed (E), acute infection individuals (I), chronic HBV carriers (C)
and recovered (R) model of hepatitis B virus infection was presented by Kamyad, Ak-
bari, Heydari, and Heydari (2014) and included vaccination and treatment as two controls.
Initially, they carried out a dynamic analysis of the system, fully controlling all of the pa-
rameters and maintaining constant values. They calculated the chance of discovering the
infectious equilibrium and the critical reproduction number in the constant controls condi-
tion. The population cannot exist at one side of the system; instead, it has two non-negative
equilibrium which includes DFE and the EE points. Furthermore, it was seen that there was
both local stability of the stable endemic equilibrium and a disease-free equilibrium, which
only existed in as much as the long-run equilibrium Ry > 1 with regard to the disease-free
equilibrium and Ry < 1 with respect to the endemic equilibrium. The dynamic properties
of the system with constant controls, which had been previously obtained for producing
different results, were then used to construct an optimal control problem when the controls
are time variable. This problem was then solved using Pontryagin’s maximum principle.
Several kinds of option control are being used and effectiveness is rated through simulation
indicators. Further, from the information presented here it becomes clear that a given set
of control activities done in a coordinated manner produce far better results compared to
the use of a single control measure. As people have pointed out the work is still at the
preliminary level only. The characteristics are never homogeneous because characteristics
are formulated by the environmental impacts. Hence, it is possible to argue that there are
rather limited studies concerning the specific connection between these variables and nu-
merous environmental factors. This needs a time lag because the susceptible individuals
do not get infected at once and also the susceptible population cannot be immune at one
go.

Additionally, J. Y. James, Garba, Habila, and Bororo (2022) attempted to stop the spread of
HBV by incorporating immigration, vaccination, on-the-sport treatment, and sanatorium
into the pre-existing SEIR model using the deterministic framework. From an epidemio-
logical point of view, this suggests that the illness will persist if the HBV infection brought

about by immigration is not controlled. The local stability of the disease-free equilib-
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rium of the dynamic system in the absence of HBV infective immigrants has a reproduc-
tive number less than one, making it locally asymptotically stable, as is evident from the
coefficient of the polynomial characteristics satisfying the Routh-Hurwitz criterion. The
disease-free equilibrium of the model was shown to have global stability, indicating stick-
ily positive matrix entries for the infected compartment G(X,Z). The global stability that is
free of disease is hence stable. In order to calculate numerical values and assess the effec-
tiveness of vaccine, sanatorium, or a combination of both control measures in combating
HBYV, they set baseline values for the parameters and begged for the use of MATLAB
codes. According to the findings, the population that is infected is much larger than the
other population densities, even in cases where vaccinations are administered in tiny quan-
tities. A 0.9 vaccination rate resulted in a significant drop in the impacted population, and
vice versa.

The risk factors reported to be common for Hepatitis B virus infection among HIV/AIDS
patients were investigated by Musafili, Hadisaputro, and Sofro (2022). This created an-
alytical observational design where case control test was conducted on the 68 (34 cases
and 34 controls) participants. Using the data collected from all the HIV patients enrolled
in the study, the sample was arrived at from a positive test for the HBsAg factor. The
dependent variable is whether or not a HIV/AIDS patient tests positive for the hepatitis B
virus and the independent variable is CD 4 count of 100 or less, age of 30 or more, male
gender, single/married status, education level, MSM. Thus, univariate, bivariate (using the
chi square test) and multivariate (using logistic regression) analysis were used to analyze
the data. Afterwards several tests were performed to affect the results. The goal of this
paper was to determine the factors that led to the incidence of Hepatitis B virus infection
among HIV/AIDS patients. The results which included the following variables were ob-
tained CD4 < 100, men who had sex with other men (MSM). When these risk factors are
present, patients with HIV/AIDS have an 88.18% chance of also having the Hepatitis B
virus. Age, gender, marital status, and educational attainment were among the other vari-
ables that did not affect the frequency of Hepatitis B virus in HIV/AIDS patients. They

hypothesized that MSM and a CD4 count of less than 100 were two of the several factors
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that have been shown to influence the prevalence of the hepatitis B virus in AIDS patients.
Volinsky (2022) introduced a mathematical model of Hepatitis B virus treatment by sup-
porting the immune system. The model categorizes the points of equilibrium and approx-
imates effects of right hand side dislocations on solution patterns. This trial examines
regulation where both upper- and lower-bound limits of integrals delay introducing a time
frame that has the IL-2 supporting treatment. Hepatitis B is a life threatening and is a
chronic disease that has afflicted 240 million people worldwide causing death of 350,000
people annually. Interferon and similar interferon-nucleoside combination therapies are
widely adopted as the solution to treating the chronic HBV type of cases. The immune
response to the antibody cells however quickly fades within a period of time and the fusion
of these two methods clearly show a lot of potential in a way of reducing the rate at which
viruses grow. The IL-2 therapy was introduced as characterized by a mathematical model
and proved to be highly successful.

Yu et al. (2020) in their study aimed to determine the prevalence of Hepatitis B and Hep-
atitis C (HBV) and/or HCV co-infection in HIV-positive patients in China through a sys-
tematic review and meta-analysis. The Chinese Center for Disease Control and Prevention
estimated that there were approximately 500,000 people infected with HIV by the end of
2014, and at the end of June 2017, this number had changed to 660,000, including 41.7%
of whom were already AIDS patients. China is also one of the countries with the greatest
number of chronic HCV infections, with an estimate of 9.8 million chronic HCV infec-
tions. The researchers searched databases like Medicine, Web of Science, Chinese Web of
Knowledge, and Wanfang to identify relevant cohort or cross-sectional studies published
up to April 2019. The meta-analysis included 66 studies, with the pooled HBV-HCV co-
infection prevalence being 3.5%, with variations found in terms of age and geographic
region. The study concluded that due to the high burden of HBV and HCV co-infections
in HIV-positive patients, the incorporation of comprehensive screening, treatment, preven-
tion, and vaccination programs into general HIV management in China is imperative.
Boyd, Melin, and Lacombe (2022) investigated the co-infection with HBV and HDV in

PLWHA. The risk of contracting hepatitis Delta virus (HDV) is over six times higher
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in HIV-infected patients co-infected with hepatitis B (HBV) compared to those infected
with HBV alone. HIV-induced immunosuppression decreases seroconversion, fibrosis,
and immunological response, all of which are detrimental to the hepatitis D virus (HDV)
course. HIV exacerbation or AIDS-related events are not increased by co-infection with
HDV. Currently, immunocompromised individuals receive anti-retroviral medication with
tenofovir as a treatment, along with HDV vaccination.

The study by Bowong and Kurths (2010) proposed a theoretical basis that was aimed at
explaining the similar transmission dynamics of co-infection of tuberculosis (TB) and
hepatitis B virus (HBV). The model has thirteen different epidemiological states which
are represented by thirteen classes susceptible, vaccinated, latent TB, active TB, acute or
chronic HBYV, recovered and co-infected. The main characteristics in the model are the
exogenous TB reinfection, HBV vertical transmission, waning vaccine immunity, varying
disease progression form, and the outcome of treatment of TB and HBV. This all showed
that the disease-free equilibrium (DFE) was globally stable with a unique endemic equi-
librium being locally stable. The condition of coexistence has the two partial reproduction
numbers to be above one. HBV immunization, TB chemoprophylaxis, and interventions in
treatment can only be integrated to realize effective control. Furthermore, the presence of
co-infection increases the burden of the disease by causing immune suppression and high
rate of development illustrating the need to have combined public health measures.

In their work, Singh and Lewin (2020) brought attention to the fact that HIV-HBV co-
infection is widespread, little understood, and a major problem for some of the world’s
poorest nations. The distribution of infection and, in particular, the frequency of HBV
in PLWHA in Eastern Europe and Central Asia as well as in important susceptible pop-
ulations are among the many unknowns they pointed out. People with HIV and HBV
have been known for almost 20 years to have disproportionately high rates of morbidity
and death. This is true even in the presence of suppressive antiretroviral therapy (ART).
Perhaps the time has come to create a fresh international plan that focuses on HIVVHBV

co-infection.
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2.3 Deterministic Model Extended to Optimal Control Model

Nampala, Luboobi, Mugisha, Obua, and Jablonska-Sabuka (2018) developed a mathemat-
ical model and used numerical simulations to study the therapeutic as well as toxic effect
of the currently used HIV-HBV therapy, and consequently derived an optimal combination
in treating the co-infection. They considered Hepatic necrosis. Their findings showed that
disease-free equilibrium of the HIV-HBV model was locally asymptotically stable when
the basic reproduction number was below unity and unstable when above unity. However,
the disease-free equilibrium was globally asymptotically stable only if there were no hep-
atocytes that were co-infected with both viruses at the same time. It was concluded that
global stability depended on the number of cells that were infected by the first virus be-
fore the second would infect them. Their study showed that 3TC+TDF is the best baseline
NRTI for HBV while FTC+TDF is best for HIV in either regimen. The combination that
is most effective in reducing HIV load is at the same time the most toxic in either regimen.
PIs are more effective in reducing HIV and HBV load in the liver. Generally, NVP was
highly toxic while EFV was highly efficacious in reducing HIV/HBV load in the liver. The
therapy that is so good in reducing HIV load is the one that is most toxic. The drug com-
bination that optimizes efficacy and toxicity in HIV/HBV co-infection was FTC+ TDF +
EFV.

A mathematical model of the interactions between hepatocytes and concurrent HBV and
HIV infection was developed by Nampala, Jablonska-Sabuka, and Singull (2021). The
model included a time delay to illustrate the time interval between the viral entrance into
the host cell as shown in the matrix column and the time the delay occurred when the cell
was able to reproduce the virus. Determining how the latency time affected the HIV-HBV

infection dynamics was the primary objective of the investigation. Analytical, bound, and
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constructive judgements were drawn on the model solutions. The fundamental reproduc-
tion number, or Ry, could be found by computing the disease free equilibrium, or DFE.
If Ry is less than 1, a locally asymptotically stable disease-free equilibrium point is found,
and if it is greater than 1, an endemic equilibrium is obtained. Data demonstrated the
impossibility for the HBV to have dominance over the HIV since the latter, circulating
from other cells, will certainly find its way into the liver cells. Therefore, there cannot be
any equilibrium point in which HBV is the predominant hepatitis virus. According to the
optimum control problem results with varying delay durations, HIV and Hepatitis B virus
loads develop best with longer delays. In the context of cART, HIV and HBV copies rise,
hence, the latency period indicates that viral latency hampers medication administration
and virus control. The research provided evidence that latent inhibitors need to be unique
to CD4 cells, as there is proof that other cells might serve as viral reservoirs. The liver,
where HIV viral reservoirs hides, is significantly affected through the HIV long-term silent
infection (latency) in patients who are co-infected by HIV/HBV. In these cases, the HBV
may multiply in the liver through an indirect approach.

In their paper, Ayele, Goufo, and Mugisha (2021) developed a mathematical model of
HIV/AIDS that incorporates the main compartments: people with HIV infections that are
diagnosed with and without symptoms of AIDS, people who are unaware of their sus-
ceptibility, people who have not been diagnosed with HIV, and people who are receiving
treatment for the disease. The model, being a function of media campaign, was evalu-
ated in respect to increase of rates of awareness and decline of rates of lack of awareness,
although rates of screening and treatment remain consistent. The reproductive infective
number, equilibrium and the grounds on which they can be stable were indicated. Ad-

ditionally, when the effective reproduction number equals one, the bifurcation occurs.

38



Additionally, a new systems model based on interventions like screening, treatment, or
preventive measures was integrated with it. By using Pontryagin’s Maximum Principle,
the optimal control problem in this model was solved.

Campos, Silva, and Torres (2019) in their paper provided a study on numerical methods to
deal with modeling and optimal control of epidemic problems. Simple but effective Oc-
tave/MATLAB code was fully provided for a recent model proposed. The given numerical
procedures were robust with respect to the parameters, nevertheless, the code is highly
flexible with respect to the other models and can be used for other parameter settings.
The control measure calculated from the control equation as given by the Pontryagin’s
maximum principle and calculated numerically using the Octave code indicated that the
incidence of HIV/AIDS infected and the chronic population reduces and hence the suscep-
tible population improves. These findings pointed out how optimal control theory could
be applied in the medical field and the uses of scientific computing systems such as GNU
Octave. Their study should be of great importance to a practitioner in the area of disease
control. In fact, the numerous letters they have received requesting the software code for
their research publications on the applications of optimal control theory in epidemiology
have served as the driving force behind this endeavor.

Aghdaoui, Alaoui, Nisar, and Tilioua (2021) extended all incidence function forms found
in the literature by proposing a SEIRI model with relapse and a generic nonlinear incidence
function represented as a function of three variables: S,/, and R. Two equilibrium points
were detected by the two authors in the first preliminary analysis about the model under
examination without control: DFE and EE points. Both points of equilibrium are locally
asymptotically stable as shown by the local stability analysis. Next, the first model has

three control terms which control the S, E, I, and R compartments’ dynamics. This model
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has been proposed to incorporate different immunization treatment procedures to deter-
mine the effects on the disease’s behavior. They used the Pontryagin’s maximum principle
to find the best possible control. In addition, the adjoint equations have been derived and
the explicit expression of the optimal controls obtained. Theoretical results are illustrated
through numerical simulations that showed the effectiveness of the applied controls and
their impact on the dynamics of the different classes.

Bassey (2020) formulated a penultimate 7-Dimensional mathematical dynamic HIV-HBV
model using ODEs, which was then transformed to an optimal control problem, follow-
ing the introduction of multi-therapies in the presence of dual adaptive immune system
and time delay lags. Applying classical Pontryagin’s maximum principle, the system was
analyzed, leading to the derivation of the model optimality system and uniqueness of the
system. Specifically, following the dual role of the adaptive immune system, which culmi-
nated into triple-dual application of multi-therapies, the investigation was characterized by
dual delayed HIV-HBV virions decays from infected double-lymphocytes in a bi-phasic
manner, accompanied by more complex decay profiles of infectious dual HIV-HBV viri-
ons. The result further led to significant tri-phasic maximization of susceptible double-
lymphocytes and dual adaptive immune system (cytotoxic T-lymphocytes and humeral
immune response) achieved under minimal systemic cost. Therefore, the model is com-
paratively a monumental and intellectual accomplishment, worthy of emulation for related
and future dual infectivity.

Lenhart and Workman (2007) provided the basic framework of formulating an optimal
control problem applied to biological models. The Pontryagin’s maximum principle is
used to establish the conditions required to solve an optimal control problem. However,

it was noted that there may be some problems in applying this approach. The required
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circumstances may provide a spectrum of solution sets and out of these some may even
be imaginary control solutions. However, one needs to recall that when specifying the
essential conditions in the derivation of the formulation, existence of an optimum control
was postulated in advance. In turn, if the nature of the primitives of the optimum control
problem remains undefined, the above conditions can be met as well. With regard to the
objective function, the latter is expected to yield only a finite response at the ideal state as
well as at control. If in the evaluation of the objective function the value is found to be o or
—oo, then it was concluded that no solution could be obtained in solving the optimization
problem.

Okongo, Okelo Abonyo, Kioi, Moore, and Nnaemeka Aguegboh (2024) developed a math-
ematical model for the transmission of the monkeypox virus in human and rodents with the
interaction of the environment. Regarding the control factors, five time-based factors are
considered as a means of dealing with the condition. The optimality criteria are derived
from the validity of the Pontryagin’s Maximum Principle for the given system to prove
the existence of optimal control. The solutions for both the state and co-state systems are
obtained through Runge-Kutta fourth-order that functions in both forward and backward
time. It also gives profiles of different control variable values showing the monkeypox in-
fection rates. The findings of the study provide directions for physicians and policy makers
interested in designing the best and optimal prevention measures to halt the monkeypox

epidemic.

2.4 Conversion of Deterministic to Stochastic Model

Selvan and Kumar (2023) investigated deterministic as well as stochastic model with two
epidemics and transmission mechanisms of SIR and SIRS accompanied with saturation

incidence rate. Saturation contact rate is considered since the time the vulnerable persons
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come into contact with infected persons is limited. The model thresholds are defined for
both models. Statistical evidence was assumed to differentiate between the circumstances
of the illnesses’ extinctions and persistence. It became stochastic when incidence rates
with a white noise that can be defined by a Brownian motion was included in the deter-
ministic model.

Ouaro, Traoré, et al. (2013) developed an ODE deterministic model and a corresponding
SDE model for schistosomiasis. The model considered four sub-populations; susceptible
human, infected human, susceptible snails and infected snails. The SDE model was derived
by computing different probabilities of change of state variables using Poisson processes
technique. The change of state was assumed to be normally distributed. The SDE model
was solved by using the Euler-Maruyama method taking a sample of 1000. The analysis
showed the basic reproduction number, Ry under the given conditions and computational
simulations were provided. A performance comparison is made between the deterministic
model and stochastic analogous model. It was shown that there was almost no difference
in the behaviour of the deterministic and comparable stochastic models.

Olabode et al. (2021) attempted to investigate the COVID-19 transmission patterns through
the use of data from Wuhan, China, in their deterministic and stochastic models. Based on
the fundamental SEIR model, the system of ODEs defines the deterministic model. The
constant parameter obtained from the ODE model yields the Continuous Time Markov
Chain (CTMC), which describes the stochastic process. A nonlinear CTMC model of
the infectious disease process is replaced with a multi-type branching process to derive
an analytical expression for the probability of occurrence of an epidemic. The local and
global dynamics of the disease are analyzed by using the deterministic model with con-
stant parameters, and the result indicates that the basic reproduction number R serves as a
sharp disease threshold: this disease disappears if RO < 1 while it continuously circulates
if Rp > 1. The second aspect of the deterministic dynamics in contrast to the stochas-
tic dynamics was that the disease may not last when Ry > 1. Fitting of the ODE model
is done by estimating and validating the parameters in order to approach the public re-

ported data. From their findings, therefore, exposed and infected classes are all seen to
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have an influence on the epidemic dynamics of COVID-19 in Wuhan China. Additionally,
mathematical modeling predicted that if preventive and control measures are not applied
correctly, there will be a second wave of the current pandemic.

Maclndoe (2019) focused on the HIV virus specifically using the Susceptible-Infected-
Virus (SIV) model. The inside-host dynamics of viral infections were explained by the
SIV mathematical model. The deterministic model which presupposes that the constants
are precisely known and the stochastic model, generates a random variable that will rep-
resent the healthy cell death rate. As for the two of the deterministic model’s simplified
conditions, analytical solutions were derived. The two deterministic and stochastic sys-
tems have been discussed using numerical characteristics. As there was no therapy ad-
ministered to the patients, the results provided insights toward the progression of the HIV
in-host population. They also explained how randomness can influence the development
of the infection. Despite the fact that the estimates based on those approximations were
not very precise, the study described the roles of infection rate, viral production rate, and
infected cell death in the SIV model. The two numerical approaches that can be used to
calculate approximate solutions of the entire SIV model are the stochastic version, where
the healthy cell death rate is represented by a random variable, and the deterministic form,
where all the parameters are known. The findings demonstrated that the inclusion of the
randomness element made the progression of HIV in the system without treatment seem
more plausible.

In their study also, Maliyoni, Chirove, Gaff, and Govinder (2017) used a stochastic epi-
demic model of a continuous-time Markov chain to explain the dynamics of tick-borne
disease transmission in a single population. Based on the deterministic meta population
tick-borne disease model that is present currently the stochastic model is developed. To
determine the impact of randomness in the disease dynamics of ticks, disease dynamics of
Stochastic and Deterministic models are compared. The Galton-Watson branching process
of multiple types and numerical estimate represent the probability of a large outbreak and
the extinction of the disease, respectively. Several noticeable differences were identified

between the analysis of the deterministic and stochastic models’ results of a set of analyt-
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ical and numerical calculations. Consequently, they further ascertained that an infection
disseminates with greater ease via infected deer compared to the infected ticks. Therefore,
these results draw focus on the migration of the host as the cause of invasion of the tick

borne diseases to new areas.
2.5 Research Gap

Previous models of HIV-HBV co-infection did not take into account the factors of screen-
ing, viral load and randomness in the process of transmission of deterministic HIV/AIDS-
HBYV in a population of individuals. Since screening can influence the dynamic behaviour
of HIV/AIDS-HBV co-infection transmission in a population, enhancing the availability
of voluntary HIV testing and counseling for persons infected with HBV is crucial. In the
literature, HIV-HBV co-infection model incorporating optimal control interventions was
not found. At the same time, a co-infection model with HBV vaccinated individuals with
HIV was not found. More attention has been geared towards therapeutic measures for HIV
and HBV mono infections across the globe and the cost of medication and management is
high. The effective prevention and control measures for the co-infection has been neglected
despite the cART which has been reported to have detrimental effects. Moreover, previ-
ous researchers have adopted deterministic models to study disease dynamics, ignoring the
stochastic effects. Subsequently, numerical simulations of deterministic models show only
average dynamics of the infections in the population. However, stochastic simulations of
models can account for dynamic behaviors that are introduced by the noisy nature of the
systems but not revealed by deterministic simulations. Thus, converting an existing model
from the most common deterministic formulation to an equivalent stochastic simulation
enables further investigation of uncertainties in infection outcomes.

The current study incorporates the risk factors and investigates a combination of con-
trol measures into the developed deterministic co-infection model. At the same time,
the bounds to which the parameters affect the control reproduction number were also be
investigated. With vertical transmission in consideration, the births are divided into six
proportions and a compartmental class of HBV vaccinated group infected with HIV is in-

corporated in the model based on the shortcomings and recommendations of past studies.
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CHAPTER THREE: RESEARCH METHODOLOGY
3.1 Introduction

This chapter describes the methodology used in conducting this study to achieve the objec-
tives in Section 1.5, namely to formulate a model for HIV-HBV co-infection incorporating
screening and viral load saturation function as a risk factor of transmission and control
variables, to determine model thresholds and perform stability analysis, sensitivity anal-
ysis, backward bifurcation analysis so as to establish the conditions for the spread of the
infection, to estimate numerical results of model using secondary data as well as to evalu-
ate normalized sensitivity indices for the reproduction numbers and to perform numerical
simulations to validate analytical results of the developed models.

Optimal control problem is formulated for the deterministic co-infection model and the
optimal control functions established. Further, the deterministic co-infection model is con-
verted to equivalent stochastic model to determine the probability transition rates so as to

predict the outcomes of the infection.
3.2 Model Development Using Classical Epidemic Models

According to R. M. Anderson (1991), the epidemic models are formulated as compart-
mental models, in which human population is partitioned into compartments, and there
are assumptions about the nature and rate of change in transferring infections between the
compartments. Pathogen is diseases that can cause immunity have a different compart-
mental structure from the diseases without immunity.

The SIR is used to identify passage from the susceptible class, S, to the infectious class, I
, and ultimately to the removed class, R , as well as to characterize a sickness that makes
the host immune and incapable of contracting it again and vice versa. The SIS model
describes a disease in which the hosts have no immunity against the disease, and shows
the movement from the susceptible class S to infective class I and again to the susceptible
class, S. Other possibilities include SEIR, susceptible, exposed, infective and recovered
compartments and SEIS models, where there’s a time interval between the onset of infec-

tion and the time an individual is capable of spreading the disease and SIRS models, where
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there is even temporary immunity for those recovering from infection. In compartmental
models the independent variable is time, t and the state variable is the dependent variable
and the rates of transfer between compartments are shown mathematically with the help
of derivatives of compartment sizes and models which are originally presented in the form
of differential equations for the rate of change of states with time. To model such an epi-
demic using the SIR model, for example, the population under study is classified into three
classes, assigned S, I, and R.S(¢) represents the number of individuals susceptible to the
disease but not yet infected at time t;/(z) represents the number of individuals infected
and presumed infectious, able to spread the disease through contact with susceptible in-
dividuals; and R(r) represents the number of individuals infected and removed from the
possibility of contracting the disease again or of spreading it to other people.

An individual can be eliminated from a system in a few different ways, such as by dying
from the illness, acquiring immunity against the disease after recovering, or being isolated
from the general population to stop the sickness from spreading. From an epidemiological
perspective, these descriptions of the removed people differ, but from a modeling perspec-
tive that just takes into account each individual’s status in relation to the epidemic, they are
similar. To derive the models in terms of derivatives of sizes of each compartment, we have
adopted the following assumptions; that the simplification can be made in terms of an inte-
ger, where the number of individuals belonging to a particular condition is differential with
time. This may be reasonably accurate if there are a large number of people in a compart-
ment, although it has to be questionable in all other circumstances. When using differential
equations to formulate models, we suppose that epidemic process is a deterministic one,
meaning that the population behaviour depends solely on its past and on the model’s rules.
On other hand, stochastic models where the probabilistic concepts are used and the distri-
bution of possible behaviour by inserting random noise is also described. There is a series
of models with the following hierarchy that address the elementary description of the dis-
tribution of communicable diseases; the McKendrick, Anderson, and Kermack classical
sequence of models dating from 1927, 1932, and 1933 (Kermack & McKendrick, 1927).

The general framework relied on the individual’s age of infection, which is the duration of
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their infection. Interestingly though, in their additional models that included demographic
characteristics, Kermack and McKendrick did not go into further detail about this circum-
stance. Age of infection models are therefore important in HIV/AIDS research. The case
when the influx of susceptible is constant and when there is no recovery, which was first
studied by Kermack and McKendrick (1927), is considered to be the basis of compartmen-
tal epidemic models. These models are further modified and adopted for a particular case
of infection being modeled with inclusion such as demographic factors, births and deaths

and control strategies among others.
3.2.1 Formulation of deterministic HIV-HBV co-infection model

The classical Susceptible-Infectious (SI) and Susceptible-Infectious-Recovered-Susceptible
(SIRS) models are adopted to formulate the deterministic co-infection model. The human
population is categorized into 12 compartments based on their infection status. The pop-
ulations are all functions of time t. Thus, we denote susceptible population at any time
as S(¢), the HBV vaccinated as V(¢), HIV infected Iy (¢), mild HBV infected Ip(t), severe
HBYV infected I.5(t), HBV treatment class Tp(¢), HIV-HBV vaccinated Vg (¢), HIV acute
HBV co-infected Iyp(t), HIV chronic HBV co-infected Iycp(t), HIV-HBV treatment class
Tup(t), AIDS class A(t) and R(¢) represents the hep B population at time t which recovers
either due to natural immunity or treatment. As a result, N(¢) represents the whole human
population at a specific time ¢ as given in table 3.1. The compartments are connected with
continuous line representing the movement between the compartments being the transition
rates. The recruitment rate into the model is given by @ = bN, where b is the birth rate.
This entry is divided proportionately and distributed into five compartments defined in the
table 3.2 in terms of O7. Screening regarded as a function of treatment seeking behaviour
and viral load saturation functions are also incorporated in the model as ¢, 7,Dy and Dp
respectively as described in table 3.2. Both deterministic and stochastic methods are used
in the constructed mathematical models in this study to characterize the co-dynamics of

HIV and HBYV infections.
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3.2.2 Description of the model state variables and parameters

The following variables and parameters are used to define the populations and transition

rates. Table 3.1 describes the state variables which represents the human populations in

different states of the HIV and HBV.

Table 3.1
Definition of state variables
Variable Description
S(t) Susceptible Individuals at time t
Iy (1) People with HIV who exhibit symptoms of AIDS at a given time,t
A(r) People who have complete AIDS symptoms at a given period
Iyp(t)  Co-infected individuals with HIV and AHB at time, t
Iycp(t)  Co-infected individuals with HIV and CHB at time, t
Tup(t)  Co-infected individuals under HIV-HBYV treatment at time, t
Ip(t) Individuals with AHB infection at any time, t
I.p(1) Individuals with CHB infection at any time, t
Tp(1) HBYV Treated individuals at any time, t
R(t) Persons who recover from AHB through treatment or natural immunity
V(1) Vaccinated individuals against HBV
Vi (t) HIV infected individuals vaccinated against HBV
N(t) The total population at time, t

Source: Researcher (2025)

Table 3.2 gives the definitions of the model parameters which describes the transition be-

tween the compartments.
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Table 3.2

Definition of model parameters

Parameters Description

A Force of infection

/4 Recruitment rate

B Infection rate

u Natural mortality rate

o1 Mortality rate due to HIV/AIDS

1)) Death caused by Hepatitis B Virus infection

03 Death brought on by HBV therapy

04 Induced HIV-HBV co infection mortality

0, Proportion of births infected with HIV

6, Proportion of births infected with HBV

65 Proportion of births vaccinated with HBV

0, Proportion of births infected with HIV and vaccinated with HBV
05 Proportion of susceptible births

£ Efficacy of HIV drugs

& Efficacy of HBV drugs

c Treatment rate of HIV-HBYV co-infected individuals

a Hep B recovery rate due to natural immunity

Q] Drug/immunity waning rate

(0} Recovery rate of Hep B infected individuals due to treatment
T Treatment rate for mild Hep B to seek treatment

[ Treatment rate of Acute Hep B infectious individuals

v Progression rate of acute to chronic Hep B

Y Progression rate of acute to chronic HIV-HBV co infection
Dy HIV viral load saturation function

Dg HBYV viral load saturation function

r Progression rate of Hep B vaccinated to HIV

% Progression rate of HIV vaccinated to HIV-HBV co infected
p Proportion of HIV-HBV births

M HIV force of infection

A HBYV force of infection

A3 HIV-HBYV force of infection

Source: Researcher (2025)

3.2.3 Assumptions of the deterministic co-infection model

The model assumes that both HIV and HBV is transmitted vertically (or mother to child)
and horizontally (between individuals). The population is also uniformly and randomly
mixed in compartments and observed to interact homogeneously conforming to the law
of mass action and frequency-dependent transmission (FDT) in the spread of the HIV and
HBYV infection. Every individual has a natural mortality rate that is constant irrespective of

the disease condition. Antiretroviral treatment lowers the mortality among individuals on
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treatment and also makes them less infectious to other people. This is the reason why the
AIDS cases with symptoms take part in transmission in A; and A4. Treatment is accessed
only by those who are screened since people will not self-refer to treatment on the basis
of infection. The patient that recovers by natural immunity or by the treatment of acute
HBYV infection once again finds himself or herself back in the vulnerable category and
never attains permanent immunity. There is a specific percentage of the newborns who are
vaccinated against HBV in their infancy. Immunized individuals will not be susceptible to
HBYV unless the infection interference of HIV destroys their immunity. The viruses have
no immunity or resistance to people of the different age categories as they all are potential

candidates to the infections.
3.3 Methods for Deterministic Co-infection Model Analysis

The theories of ordinary differential equations are applied to obtained the analytical solu-

tions of the deterministic co-infection model.
3.3.1 Boundedness and positivity of solutions

Using the theories of ODEs, the positivity of solutions to the deterministic co-infection
model without the control variables is examined. The positivity of each compartments are
investigated since the model deals with human populations. The values of these biological
compartments are expected to be positive and remain positive for all time # > 0 in the fea-
sible region. A theorem to test the positivity of the model solutions is postulated, followed
by a proof using integration techniques such as separation of variables and integrating fac-
tor among others. Initial conditions are used in the proof of the theorem to show that all
the state variables stay positive. In this case, the temporal rate of change of the entire
population is obtained to demonstrate the boundedness of solutions in the feasible region..
Also integration techniques are used. Macias-Diaz (2017) stated that the assumption used
is from the fact that all the model solution should lie within the domain of non-negative
and restricted within the required domain and provided the epidemiologically well-posed

or simply known as biologically and mathematically acceptable model.
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3.3.2 Determination of co-infection free and endemic equilibrium point

The co-infection free equilibrium point represents the state at which the system is free of
co-infection while the endemic equilibrium point is where the co-infection is present in the
population. Setting the infectious classes to zero yields the Co-infection-Free Equilibrium
point (CFE). The resulting algebraic equations are evaluated at [y =A = Ip =Igp = I.p =
Iycgp = Tp = Typ = Vg = 0. We denote the HIV-HBV co-infection free equilibrium point
as

Ejjg = (S()’II(‘)I’AO?Ig’I[gB’ISBJIch’Tlg)ﬂTIgBﬂ‘/O?VI?(’RO)‘

The uniqueness and existence theorem is used to determine conditions in which endemic
equilibrium for which the co-infection is present in the population, exists. The endemic
co-infection state is defined as Ej; .

This state exists in a population if I;,A*, I, I5;5, 18, IHcB, T, T, Vi are non zero. At Ej;p,

the equations S(7) and V(¢) are solved in terms of the force of infection A*.
3.3.3 Determination of model threshold parameters

The most significant parameter in an epidemic model is the basic reproduction number.
It enables us to determine whether the infection is going extinct or not. Diekmann and
Heesterbeek (2000) and Van den Driessche and Watmough (2002) defined R as the num-
ber of secondary infections that an infectious host will generate in a large population of
vulnerable hosts during the course of its infectious life. It also provides a stability thresh-
old requirement for the co-infection-free equilibrium point. If the value of this parameter
is less than 1, then the infection will not sustain in the involving population and conversely
if the value is more than 1 then the infection will remain in the involved population. Thus,
the current study’s objective is to employ the Jacobian based NGM approach introduced
by Diekmann, Heesterbeek, and Roberts (2010) and Van den Driessche and Watmough
(2002) to identifty the basic and control reproduction numbers for the two illnesses in the
framework of co-infection.

In the absence of any controls, Ry, the basic reproduction number, is calculated, and R,

the control reproduction number is obtained when the control interventions are taken into
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consideration. The Jacobian based Next Generation Matrix (NGM) approach involves
identifying the infectious classes that contribute directly to the infection, identifying the
gains and losses of the infectious individuals from the infectious compartments. The new
infections are taken as gains whereas the transfer of infections count as losses. The Jaco-
bian of matrices of new infections F and transfers V are then obtained and assessed at the
CFE point. The product of the Jacobian of matrix of new infections and the inverse of Ja-
cobian of matrix of transfers yields the NGM, FV ~!. The eigenvalues of Next-Generation
Matrix are obtained. As the spectral radius of NGM, the basic reproduction number, com-
monly represented as R, is derived, which is the dominant eigenvalue of FV~!. The
estimated number of secondary HIV/AIDS infections caused by a single HIV/AIDS in-
fectious individual during their infectious phase when introduced into a population that is
fully susceptible to HIV/AIDS is indicated by the reproduction number, Ry. Comparably,
when a single HBV infectious individual is put into a population that is entirely suscepti-
ble to HBV, the reproduction number, Rp indicates the anticipated number of secondary
HBYV infections that individual will create over his or her infectious time. In the presence
of control interventions, the control reproduction number, RgB is therefore represented in

terms of pertinent infection rates owing to HBV and HIV.
3.3.4 Investigating the stability of co-infection free equilibrium point

To determine the local and global stability of the co-infection free equilibrium (CFE)
point, stability theorems are utilized. The Routh-Hurwitz criterion presented by DeJesus
and Kaufman (1987) is used to examine the local stability of the CFE point whereas the
Castillo-Chavez method is applied for performing the global stability of CFE point utilized
by Roeger, Feng, and Castillo-Chavez (2009). The Routh-Hurwitz criterion states that the
number of roots of the characteristic polynomial with positive real parts (unstable) is equal
to the number of changes of sign of the coefficients in the first column of the Routh array.
Applying the criterion entails creating the Routh array table and determining the charac-
teristic equation of the Jacobian matrix of the system of ODEs. The sign shifts of the
coefficients of the characteristic polynomial in the Routh-array are used to assess the local

stability of the CFE point without seeking to determine the roots of the polynomial. A CFE
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point is stable if all the elements in the first column of the array are completely positive
and the constant term is greater than zero, otherwise the system is unstable. The crite-
rion provides an analytical means for testing the stability of a linear system of any order
(Edelstein-Keshet, 1988) and (Soares & Bassanezi, 2020). The Castillo-Chavez method
entails the use of the Metzler matrix under two conditions. These conditions are proved
for a CFE point to be globally asymptotically stable (GAS) using a theorem. The theorem

asserts necessary and sufficient condition for a CFE to be GAS.
3.3.5 Bifurcation analysis

Bifurcation arises when there is a change in the stability of the system or emergence of new
state. The Centre Manifold Theory is used for the bifurcation analysis (Castillo-Chavez
& Song, 2004) and (Hassard & Wan, 1978). When a DFE and EE points co-exist, then
the model exhibits either a forward or backward bifurcation. The Center Manifold theory
is a technique used in determining the stability of a system exhibiting bifurcation. It also
determines the direction of the bifurcation at the critical value of the bifurcation parameter.
The theory encompasses linearizing the system of equations in section 3.3 by change of
variables, finding the Jacobian of the system’s matrix at CFE point, evaluating the bifurca-
tion parameter at the control reproduction number equal to unity, finding the eigenvalues
and the associated eigenvectors of the Jacobian of the linearized system and calculations
are eventually made for the coefficients, which are the system’s non-zero partial deriva-
tives. This establishes whether the system will show the presence of backward or forward

bifurcation.
3.3.6 Sensitivity analysis

Martcheva (2015) defined the sensitivity of a parameter with respect to control reproduc-
tion number as the behavior of the model to small changes in the parameter values. The
forward normalized sensitivity index method is utilized in local sensitivity index analysis.
The method includes differentiating the model with respect to each parameter to yield an
additional system of the same size as the initial one, the result of which is the solution
sensitivity. A variable’s normalized forward sensitivity index to a parameter is determined

by dividing the relative change in the state variable by the relative change in the parameter.
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The sensitivity index is defined using partial derivatives. According to Chitnis, Hyman,
and Cushing (2008), the sensitivity index in this case is provided as follows, taking the

parameter as & and the basic reproduction number as Ry, then

AR _ dRy &

g = x X R_o (34.1

By plugging in the initial values for the parameters, each parameter’s sensitivity index for
the control reproduction number is calculated. These indices can assume both positive
and negative values. The indices presented in the previous section can be also represented
visually and that is why these variables are plotted with the help of MATLAB program.
Sensitivity analysis tells us how important each parameter is to the spread of the illness.
Such data is useful for the selection of experimental design as well as for the minimization
of multiple non-linear methods and the requirement for data fitting (Powell, Fair, LeClaire,
Moore, & Thompson, 2005). Since there are tendencies for errors during data compilation
and assumption of basic parameter values, the sensitivity analysis is often used to analyze
how similar the model’s forecasts are to the parameter values. It is utilized in establish-
ing values that are crucial in affecting the control variable and thus should be addressed
through intervention. The impact of every investigated parameter on the control variable is
subsequently ascertained using the indices. It is clear that compared to the other negative

indices, the positive indices have a greater influence on reproduction number.
3.3.7 Numerical simulations of deterministic co-infection model

The values for the state variables and parameters are collected from the literature to per-
form the numerical simulations for the deterministic co-infection model to analyze the
co-dynamics pattern. For the deterministic model, the ODE solver of Runge-Kutta or-
der 45, which is an embedded numerical Scheme included in the MATLAB package, has
been used. Fourth-order Runge Kutta is an approximate numerical solution to first order
ordinary differential equation for a certain initial state. It involves four stage approxima-
tions and each of these approximations is again broken down into four stages. The general

formulation of the method is described as follows; For an I.V.P. of a first-order ODE,

54



dy _
dx —

single ODE is;

f(x,y) with initial condition, y(x9) = yo, the basic fourth-order Runge formula for

1
Yntl =Yn+ 3 (k1 4 2ky + 2k3 + ka)

h k h k
where, kj = hf(xnvyn)ka =hf (Xn—l— E’yn_‘_?]) k3 =hf (X”_Fiayn—i_?z) )

kg = hf (x,+h,y, +k3) and h is the step size. This formula can be generalized to a system
of ODE:s.

Akinsola (2023) pointed that the fourth order Runge-Kutta gives more accurate, more sta-
ble and easier to be implemented for the solution of the nonlinear differential equations.
As it is clearer and built specifically for the various types of the categories of differential
equations, and it presents improved accuracy. The approach is less affected by the initial
conditions and the choice of the step size and hence it is more robust. This makes it more
reliable particularly in solving hard problems such as the optimization of neural networks
problems. Hence, it is used preferably as the other two owing to its accuracy and steadiness

while approximating nonlinear differential equations.
3.4 Derivation of an Optimal Control Problem

A deterministic co-infection model is extended to an optimal control model.. The model is
formulated by adding the control functions U = (uy,up,u3,us,us) where uy,up,u3,us, us
are the specific control variables. These variables are also functions of time. Using an op-
timal control theory, the deterministic co-infection model is optimized to identify the best
mitigation method that reduces the number of infected persons over time while effectively
balancing the control techniques included in the model. The deterministic model’s time-
dependent optimal control problem is formulated by the application of Pontryagin’s Max-
imum Principle (Joshi, Lenhart, Li, & Wang, 2006). Our optimization task is to minimize
the objective function J while taking control of the variables. Since the study is focused
on models of HIV-HBV co-infection and the optimal strategy for prevention and control,
the U(¢) control function is integrated. When quantifying the state variables dynamics

under constraints new control variables u; (¢),u(t),u3(t),u4(t), and us(t) are added to the
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deterministic model. It is assumed that the values u;,uy,us3,us and us lie between 0 and 1.
If these values equal to zero, then it implies no efforts are being placed in these controls.
Similarly, optimal effort infers to these values being 1.

The control function U(¢) is defined as follows; u; represents the contact control, u; is the
treatment control, u3 is the viral load control, u4 the vaccination control and us represents
the effort to control the recovery rate. The contact control, (), means the ability to pre-
vent the vulnerable persons from becoming the infected persons. Measures like isolation,
sensitization, health education and other campaigns, the use of condoms among others
not under the clinical form of treatment are related to u;(¢). The treatment control, u,(z),
represents the early diagnosis, detection and testing of susceptible individuals, screening
of high-risk exposed individuals. This approach is a first step towards creating treatment
plans for those who are affected, such as those with acute HBV infection. The likelihood
that an acute HBV infection would develop into a chronic infection is greatly decreased by
treatment. Given that some populations have a very high risk of contracting HIV or HBV
after exposure, the screening control effort is a critical step for HIV and HBV management
care program. Such individuals who do not know their infection status are screened and
those identified with the infection are further directed to seek treatment. In this context,
the term u3(¢) of "viral load control" depicted the efforts that are required to begin as well
as to complete the treatment of the infected individuals. The process also includes the use
of government subsidies and other procedures that ensure that people take the drugs as
required until the illness is eradicated permanently.

In our model, the level of acute HBV cases is directly dependent on the control variable
uz(t), and the number of infection cases depends on it indirectly. With higher u3(z), we
can reduce both the number of exposed persons and the number of infectious ones. There-
fore, it is possible to state that further focus should be made on the reduction of treatment
failure. In the HIV-HBV co-infection dynamic system, reducing the treatment failure rate
is the control function u, (), while control function u;(¢) is responsible for lowering the
transmission rate 3. On the other hand, the treatment control, u,(¢), contributes to raising

the rate of HIV infection and acute HBV infection screening and treatment.
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The necessary conditions for optimality is established by Lagrangian and Hamiltonian
polynomials. Further, the uniqueness of the optimality conditions is obtained by partial
differentiation of the Hamiltonian polynomial with relation to state variables along the
transversality requirements. The optimal controls, u}, u5,u3,u;, and u3, are obtained by

solving the optimality conditions.
3.4.1 Simulation of the optimal control model numerically

An optimal control solution is obtained through forward and backward Runge-Kutta nu-
merical scheme as explained for the deterministic case using MATLAB (R2017a). Under
the control measures, the pattern of infection is demonstrated graphically to ascertain the
best control strategy to curb the co-infection. The simulation of each control strategy is
also displayed graphically at a time with and without the controls. In addition, the nu-
merical simulation of the implementation of combined control strategies is illustrated on
the same axes with and without controls. Further, the percentage reduction in infection

outcomes of each control is accounted for.
3.5 SDE Co-infection Model Formulation

While SDEs are used to create the stochastic model from the deterministic model, the for-
mulation of a SDE entails introducing randomness or stochasticity into the deterministic
equations that explain the development of the infections. Because it represents the intrin-
sic unpredictability in the transmission process, such as the coincidence of interactions be-
tween susceptible and infected people, stochasticity is essential to epidemiological models.
We incorporate stochasticity into the transmission rates of both HIV and HBV, consider-
ing factors such as the frequency and randomness of sexual contacts, sharing of needles
or other drug paraphernalia, and perinatal transmission. We also consider the existing or
potential positive relations between HIV and HBV in regard to disease development and
progression. Stochastic components are included to explain the efficacy of treatment and
control strategies like antiretroviral therapy (ART) for HIV and anti-HBV therapy (ART),
as well as vaccination campaigns and behavioral interventions. We take into account for
individual-level heterogeneity in contact patterns, susceptibility, and other factors that in-

fluence disease transmission, which may introduce additional stochasticity into the model.
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By formulating an SDE for an epidemic model, researchers can better capture the complex
and dynamic nature of co-epidemics, including the effects of stochasticity on infection
spread and the potential impact of interventions on epidemic dynamics (L. J. Allen, 2010).
The study by Farnoosh and Parsamanesh (2017) applied a general SDE to a susceptible-
infected-susceptible epidemic model incorporating immigration and vaccination. The Ito
stochastic differential equations from transition probabilities technique, which is predi-
cated on the diffusion process, was developed by E. Allen (2007). The stochastic differ-
ential equation used by E. Allen (2007) and Farnoosh and Parsamanesh (2017) has the

following generic form:

dX =H(t,X(t))dt+J(t,X(t))dW (¢) (3.6.1)

where X = [Xn]T = {S,IH,A,IHB,THB,IHCB,V,VH,IB,ICB,TB,R}T is the population vec-
tor of each compartments while W; = [W,(r)]” denotes an nth-dimensional vector of the
Wiener process. Vector H and 12 x 12 matrix § are drift or deterministic part and diffusion

coefficients or stochastic terms, respectively. The functions H and J are defined as follows;

H(t,X(t)) = E(AX /At) and J(t,X (1)) = \/E [AX (AX)T] /At

The Wiener process, W; has the following properties;

1) It has a convenient starting point, t = 0,Wy =0

ii) Continuous function in time, that is, W; is continuous, jagged at any proximity but still
finite.

iii) The increments are distributed independently with a normal distribution with variance,
o2, and U zero.

1v) it is independent of what happened before.

According to Ditlevsen and Samson (2013), continuous time processes are the focus of de-
terministic models, which are frequently represented by ODEs. These theories pre-assume
that internal and deterministic mechanisms are the only ones driving the observable dy-
namics. Nevertheless, there will always be impacts on genuine biological systems that
are poorly understood or impractical to formally represent. The analysis of the biolog-

ical systems under study may suffer if these events are ignored in the modeling. As a
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result, there is a growing demand to include more intricate dynamical variability so as
to expand the deterministic models. Adding noise or random effects is one method of
modeling these components. A system of SDEs is a logical extension of a deterministic
differential equations model, in which key parameters are either considered as appropriate
random processes or additional random processes are introduced to the governing system
of equations. This method makes the assumption that noise contributes to the dynamics.
It is assumed in this section that the state variables

S(t), Iy (1), Iup(t),A(t),Ip(t), I8 (t), Icp(t), Tp(t), Tup(t),V(t),Vu(t) and R(z) are contin-
uous random state variables, and that ¢ € [0, 0], the time parameter, is continuous, that is,
S(t), Iy (t),Iyp(t),A(t),Ip(t), I8 (t), Icp(t), Tp(t), Tup(t),V (), Vy(t) and R(¢) € [0,N], and
their corresponding changes are denoted as follows;

AS = S(t+Ar) — S(1)

Alg =Ig(t+ At) — Iy (1)

AA =A(t+At) —A(t)

Alyp = Iyp(t + At) — Iyp(t)

ATyp = Typ(t + At) — Typ(t)

Alycp = Iycp(t + At) — Iy cp(t)

AV =V(t+Ar)-V(t)

AVy =Vy(t+At) — Vy(t)

Alp = Ip(t + Ar) — Ip(t)

Alcg =I.p(t+At) — I.p(t)

ATp = Tp(t + At) — Tp(?)

AR =R(t+At)—R(t)

Additionally, it is also assumed that the change or transition of random state variables
S(t),Iy(t),A(t), Igp(t), Tup(t), Iycp(t),V (), Vu(t),1p(t),I.5(t), Tp(t), R(t) is approximately
normally distributed,

AS(t) ~ N (u(s)At,02(s)At) , Al (t) ~ N (1 (Iy) At, 02 (I ) At),

AA(t) ~ N (1L(A)At, 62 (A)Ar) ,Alg(t) ~ N (1 (Ing) At, 62 (Inp) At),

ATyg(t) ~ N (1 (Tup) At, 6% (Tup) At) ,AIHcB(t) ~ N (u(IHcB)At, 6% (IHcB)At),
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AV (t) ~ N (1u(V)At,6%(V)At) ,AVy(t) ~ N (u (Vi) At, 6% (Vi) At),
Alg(t) ~ N (1 (Ig) At, 62 (Ig) At),

Alg(t) ~ N (u (I.g) At, 02 (I.g) At) ,ATg(t) ~ N (1 (Tp) At, 0% (Tp) At),
AR(t) ~ N (1L(R)At, 6%(R)At)

for small time interval Ar.

3.5.1 Numerical method for SDE

Since the explicit solutions of SDEs are rare, solving the system of SDEs obtained above by
direct integration techniques is not possible analytically. Thus, we solve the SDEs numer-
ically using Euler-Maruyama numerical method as described in the study by L. J. Allen
(2017) and Bonnet (2010). This study utilizes a discrete-time approximations. FEuler-
Maruyama numerical technique is an extension of the explicit Euler method for solving
an I.V.P, demonstrated as follows; given fl—t = f(y,t) is a first-order ordinary differential
equation, then the discretized form using Euler formula becomes,

R = YV f(y 1) =y = yi+ AL (visti), where i = 0,y; = yo and ; = iAt

The Euler-Maruyama method is utilized to simulate sample paths of SDEs. The Euler-
Maruyama technique stems directly from the derivation of an SDE and has an order of At.
The Euler-Maruyama method is chosen because of it provides computationally efficient
approach to approximate the solution paths of an SDE. The method has order % for strong
convergence for approximating solution of SDEs (Sauer, 2011).

In general, a system of SDEs follows the Ito’s lemma as stated below;

Lemma 1. Suppose that the value of a variable X; follows an Ito process, then a SDE of X;

in differential form is given by
dX; =H(X(t),t)+J(X(t),t)dW (t) (3.6.2)

with initial conditions, X (0) = X0 and 0 <t < T, where dW is a Wiener process, H and
J are both functions of X and ¢. The finite difference approximation used in the Euler-

Maruyama method has the following form:
X(t4+At) =X (1) +H(X(1),0)Ar +J(X (1), 6)nVAr (3.6.3)
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and AW (1) = W(t + Ar) — W(t) ~ Normal(0,Atr), where Az is chosen sufficiently small
to ensure a strong convergence of the solution but with a fixed length. In the context
of k independent Wiener processes W (t) = (Wi (t),Wa(t),........ Wi(r))", k independent
standard normal random numbers may be found in the vector 1 = (11,72, .....Nx) Where
n € Normal(0, 1).

The numerical simulations of SDEs is implemented in MATLAB (R2017a). Independent
realizations are obtained for each SDE for three sample paths. Deterministic solution is
presented together with stochastic solution. For comparison purposes, descriptive statistics
are determined for both stochastic and deterministic trajectories. The related Matlab codes

for these numerical scheme are provided in the appendix C .
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CHAPTER FOUR: RESULTS AND DISCUSSIONS

4.1 Introduction

In order to determine the conditions for the spread of infection, this chapter explains how
each of the specific objectives in section 3.1 are achieved, including the formulation of
an HIV and HBV co-infection model, model threshold determination and stability analy-
sis, sensitivity analysis, and backward bifurcation analysis. Thus, solving three models,
numerical results are derived from secondary data collected from existing literature. Nor-
malized sensitivity indices are calculated on each of the model parameters and numerical
solutions are carried out in order to compare the analytical solutions of the model. The
control functions are therefore obtained from the objective function and dynamics under

each control evaluated on the population.

4.2 Deterministic Co-infection Model Results

In this section the analytical and numerical solution of the deterministic model is obtained

as follows.

4.2.1 Deterministic HIV-HBYV co-infection model framework

Based on the above descriptions and assumptions, a deterministic model of co-infection of

HIV and HBV is established as shown by the flowchart in figure 4.1 below.
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Figure 4.1

HIV and HBYV co-infection model schematic diagram

6,1

63”

9111'

92”

1)

Source: Researcher (2025)

4.2.2 Deterministic co-infection model equations

The model is governed by the following system of non-linear ordinary differential equa-

tions derived from the schematic diagram in figure 4.1.

ds
EZGsﬁ—(Aq—{-lz—l-l:;—Fﬂ)S—l-(DR.
dly
W=917’5—|—lls+(1—82)GTHB—(l4+u+(1—81)DH)IH.
dA
EZ(I—El)DHIH—(él-i-[,L)A.
di
%: (1—p)ﬂ+7L3S+(IH+V)l4+A5IB—(¢+Y+,LL)IHB.
dT;
dI;IB =0lup— (L + 83+ (1 —&)0) Tys.
dly.
ZB = Ylyp — (U +04) IycB.
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dv

=6~ (L TA)V. 4.2.7)
% =0 +TAV — ([J +Vl4) Vy. (4.2.8)
dlp
ar =0hrn+MS—(U+As+ o+ 1+ wDp)Ip. 4.2.9)
dl.

= YDl — (1 + &) L. (4.2.10)
dT,
d—f:rlg—(u+63+(1—ez)<p)TB. 4.2.11)
dR
= =olp+(1—&)eTp— (0 + 1)R. (4.2.12)

where p = 6+ 6, + 03+ 04+ 65, A; = Bi ([HJFTI]IHB+n2]I\1[-1cB+n3A+n4THB)’ where 1y > 1, >

Ip+x1le3+X2luB+X31HB+ X4 T+ X5THB)
N

m>mgandn < L <lms<lng<l,i="F~

2

where y1 > o> 3> ys-and 1 < Lo < lyya < l,ya < 1, A3 = ﬁ3(1HB+‘P1§1\LJICB+‘P2THB)’

where, ¥1 > W), and ¥ < 1,¥, <1, A4 = ﬁ“(IH+A'IHB+A21HC§V+A3A+A4THBH\SVH), where

AM>A>A3>A>Asand A < 1L A <TLLA<TLAL <A< 1

As = Bs(Ip+Y11up+Yol.p+Y3lucp+Y4Tp+Y5Typ)
- N

where Y1 > 1o >T3>T4 > Vs5for ¥ <1, 1 <1, T3< 1,74 <1,V5<1
andI"'<landv <1.

Hence the total number of humans at any given time, #, is determined by
N(t)=St)+Ig(t)+A@l)+V(t)+Vu(t)+1gp(t) + Incp(t) (4.2.13)
+Tup(t) +1Ip(t) +18(t) + Tp(t) +R(t)
4.2.3 Positivity of state variables
For all times ¢ > 0, the governing differential equations’ solution is non-negative, since in
the human population under consideration there are sub-populations co-infected with HIV,
HBYV and other infections. This is a necessary condition for the model to be biologically

realistic and mathematically acceptable in analysis. Techniques of differential and integral
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calculus are applied for the analysis in the following theorems.

Theorem 1. Let S(0) > 0,75(0) > 0,A(0) > 0,13(0) > 0,1.5(0) > 0,75(0) > 0,R(0) >
0,1yp(0) > 0,1y.5(0), Typ(0) > 0,V(0) > 0,Vy(0) >0

be the solution to the differential equations 4.2.1 to 4.2.12.

Proof. From equation (4.2.2.1) ‘fl—f =05t — (A1 +A+A3+U)S + @R and since O+

oR > 0 it follows that

as

7 >—(M+M+A3+u)S 4.2.14)

By separation of variables, equation (4.2.14) becomes

? > (Aot s+ ) dr 4.2.15)
and integrating both sides of (4.2.15) with respect to #, we get
InS(t) > 4 [fo = (A1(s) 4+ Aals) +Aa(s) + p) de + K],
where K is a constant of integration
S(1) > & [Kexp fg (— (A1 (s) +Aa(s) + As(s) + ) dr)]
Att =0,K = So hence S(r) > [Soexp [¢ (— (A1 (s) + Aa(s) + As(s) + u) dt)]
Ast—00,8(t) > [Soexp [y (— (A1 (s) + Aa(s) + A3(s) + p) dt)] >0, thus S(r) stays positive
for all time ¢t >0
Similarly by the same technique, it follows that
In(t) > 11(0)exp fo (— (Aa(s) + p + (1 — &) D) dr) > 0,
A(t) > Aoexp (— (8 + )1) >0,
Ip(1) > Ipoexp fo (= (1 +As(s) + @+ T+ yDp)dt) > 0,
Lep(t) = Iepoexp (— (4 + &2)1) = 0,

Tp(t) > Tpoexp(— (L + 8+ (1 —&)@)t) >0,
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R(1) > Roexp(—(@+ u)t) >0,

Igp(t) = Inpo exp(—(¢ +v+u)t) =0,

Tug(t) > Tupoexp (— (L + 83+ (1 —&)0)t) >0,

Iricp(t) 2 Inepoexp (— (1 +84)1) =0,

V(t) = Voexp fo (= (1 +TAi(s)) dr) > 0 and

Vir = Viroexp Jo (— (1 +vA4(s))dr) > 0.

Thus S(t),1u(1),A(t),18(1),1c5(t), T5(t), R(1), 115 () Ires (1), Tup(1),V (), and Vi (1) also

stays positive for all time ¢ > 0.
4.2.4 Boundedness of solutions and feasible region

The feasible region is the region of convergence to the solution of the system of equations
4.2.1 to 4.2.12. The solution stays within this region throughout, that is, positively invari-
ant. This is implemented with the rate of change of the total population, NV, with respect to
time, denoted as ‘%. This is done to signify that the solution to the problem lies strictly in
the feasible region.

Theorem 2. The required region Q given by
Q={S(t),Iy(t),A(t),Ip(t),Icp(t), Tp(t),R(t),Iu(t), Incp(t), Tup(t),V(t),Vy(t) €

R N< T

S(0) >0,15(0) > 0,A(0) > 0,15(0) > 0,1cp(0) > 0,75(0) > 0,R(0) > 0,Iy5(0) >
0,71c8(0), Tup(0) > 0,V (0) > 0,Vy(0) > 0}

is positively invariant and attracting the solutions of the system of equations 4.2.1-4.2.12
to Q.

Proof. We consider equation 4.2.13 from the system of equations in section 4.2.2
N(@)=St)+1Ig(t)+AQ@)+ V() +Vu(t) + Tup(t) + Tues(t) + Tup(t) + Ig(t)+ Lp(t) +

Tp(t) +R(t)
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differentiating both sides with respect to ¢ yields

dN dS dly dA dV dVy dlyp dlyeg  dTyp dlp  dles
dt_dt+dt+dt+dt dr dt + dt + dr dt dt

Substituting equations 4.2.1 to 4.2.12 into 4.2.16 we have,

dN
E = 9571'—(/11 —|—12+7L3—|—‘LL)S—|—(DR+ 917[—}—115—1—(1 —82)GTHB—

dTg dR
dt dt
(4.2.16)

(7L4+/.H—(1 —SI)DH)]H+(1 —Sl)DHIH— (61 +[,L)A+93717— ([.L —I—F)Ll)v

+ O+ TAV — (,Ll—l—v)L4) VH+(1 —p)7l'+/13S+ (IH+V)A4+A,5IB—

(0 +y+u)lup~+Ylup — (U +64) Iy + Olup — (U + 03+ (1 — &) 0) Tys

+ 0 +HS—(U+As+a+1+yDp)Ig+ yDplg— (L+ &) I.p+ Tlp

—(U+&+(1-&)o)Tz+alp+ (1 - &) eTp— (0+ )R

Expanding and simplifying we obtain

dN
o T—(A+S+V+Vyg+Ip+1p+Iucp+Tp+Tup+R) U—

A0 — 136, — Tp63 — Tup03 — IncpOs — WR+ (1 — Vi) vA4

but N=A+S+V+Vy+Ig+I.g+1Iy.g+Tp+Tug+R, (4.2.17) reduces to

dN
E + UN = T—Ab — 1.6 — (TB‘JFTHB) 03 — Iy.pOs — WR + (1 —VH)V7L4

Therefore by comparison theorem (4.2.18) reduces to

dN
E—F[JNS 7'C—|—(1—VH)VA,4

(4.2.17)

(4.2.18)

(4.2.19)

Integrating (4.2.19) using integrating factor (I.F.), exp ([ udr) = Kexp(ut) and multiply-
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ing I.F on both sides of (4.2.19), we have
dN
Kexp(ut) (E + ,UN) < Kexp(ut)(r+ (1 —Vu)visg) (4.2.20)
Integrating both sides of (4.2.20) with respect to ¢ gives
Kn d
Kexp(ut)N(r) < i exp(ut) + / kexp(ut) (1 —Vy(s))vAa(s)dt +H (4.2.21)
0

Dividing I.F on both sides of (4.2.21), we obtain

N(r) < % + %exp(—ut) /O[Kexp(ut) (1—=Vg(s))vAa(s)dt + %exp(—ut) (4.2.22)
Att =0, (4.2.22) becomes
N(0) = ﬁ + %, ~—H=K (N — ﬁ), substituting for H in (4.2.22), we obtain,
N(t) < %+ feexp(—pur) fkexp(ur) (1= Via(s)) vAa()dr + (No — ) exp(—pr)
Ast — oo,
Lexp(—ut) 3 kexp(ut) (1= Vi(s)) vAg(s)dt = 0, (NO - g) exp(—put) = 0, thus
limy e N (1) < ﬁ
This demonstrates that the solutions inside of R are bounded. It follows from this that
any solution to the system of equations 4.2.1 to 4.2.12 that begins in R ends up staying in

R forever. The dynamics of the system of equations in Rf can be adequately taken into

consideration as R is positively invariant and attractive.
4.2.5 HIV-HBYV co-infection free equilibrium point

This is a solution to the system of equations 4.2.1-4.2.12, where the population is consid-

ered susceptible and neither HIV nor HBV infection is present. In the absence of HIV
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and HBV infections, the co-infection-free equilibrium point (CFE) of the system of equa-
tions 4.2.1 to 4.2.12 is achieved by setting infectious classes to zero, Iy = 0,A = 0,Iyp =
0,/ycg =0,Typ =0,Ip = 0,1.p = 0,73 = 0,R = 0, and Vg = 0 and the equations 4.2.1
to 4.2.12 consist of two compartment classes; the susceptible, S and vaccinated, V. The
vaccination of the population implies absence of HIV and HBV infections as well as co-

infection. Thus, we let the CFE point as EQIB = (SO,Ig7AO,IgB,Ich, Tlgg,lg,ch, Tlg,RO, VO, V,?,).

[N

hen
. » hence

By setting equation (4.2.1) to (4.2.12) to zero it follows that SV = %, Vo=

o 0
EI(-)IB = (%7070,07070707070707 3771"0) .
4.3 Computation of Model Threshold Parameters

In epidemic models, the basic reproductive rate is the most significant of all the param-
eters regarded as a threshold (Ma, 2020). It is used to study the pattern of prevalence
and tendency of an infection within a given population as well as helping understand the
patterns of infection spread. The magnitude of the basic reproduction number varies for
different infections or diseases. Various methods are available for determining the basic
reproduction number. These include; Next Generation Matrix (NGM), survival function
method and method of characteristics. In this study, NGM and survival function methods
are employed to find Ry n and Ry s as used by Agarwal, Nieto, Ruzhansky, Torres, et al.

(2021). Further, the strength number is also computed using the NGM method.
4.3.1 Basic reproduction number using the next generation matrix

This is the number of secondary infections that one infective host individual will produce
in an entirely susceptible population during its lifespan as infective. It is conventionally
denoted as Ry in nearly all epidemic models. Van den Driessche and Watmough (2002)
initially introduced and used the Next-Generation Matrix technique, which we employ to

determine the basic reproduction number. The basic reproduction number Ryp is then de-
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fined as the spectral radius of the NGM. The NGM is defined as the matrix that relates
the number of newly infected individuals in the various categories in consecutive gen-
erations. The method involves the following; identification of infectious compartments,
defining the infection transfer matrix as g and the matrix of new infections as f, determi-
nation of Jacobian of matrix of f and g as F' and G respectively evaluated at CFE point,
finding the inverse of matrix G as G~!. The NGM is defined as the product of FG~! and
Rup=p (F G’l), where p(A) denotes the spectral radius of A. The spectral radius of a
matrix A is defined as the maximum of the absolute values of the eigenvalues of A. Based
on these procedures, we compute the Ry, Rp and Ryp as follows.

The infectious classes are identified as ( Iy,A,Ig, Iy, I.5, e, T, Tup, Vi )

The identification of matrix of new infections and transfer of infections were guided by the

work of Nthiiri, Lavi, and Manyonge (2015) as follows;
0+ A1S

0
0+ 1S
(1—p)w+A3S+ Iy +v) Ay + Aslp
Matrix of new infections f = 0
0
0

0

Ot +TAHV

and matrix of transfer of infections
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(Aa+ 1+ (1— ) D) i — (1 — &) 6T
(8 + W) A —(1— &) Dyl
(W+As+a+ 71+ wDp)Ip

(¢ +v+1)lup
8= (W+02) 1.8 — WwDglp
(U +64) I — VIuB
(U+ B+ (1—8)e)Tp— 1l

(,U+53-|—(1 —82) G) THB_¢IHB

( n—+ \/%4) Vu
The Jacobian matrix of f and g at the equilibrium point where co-infection is absent is

obtained as,

o} 0
E;-)IB = (57757070707070707070707377670)

fit fiz 0 fuu 0 fig O f18 0O
o o0 o0 o o0 o0 o 0 0
0 0 f33 faa f3s fre f37 fzs O

fao fo2o 0 faa O fase O fag  fao

F=1 0 o o0 0 0 0O 0O 0 0
0O 0 0 0O 0O 0 O 0 o0
0O 0 0 0 0O 0 O 0 o0

O 0 0 ¢ O O O O O

for foo 0 fogu O fos O fog O
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where,

Os1 Os1 Os1
fi1= SNBI fip =28 517737][14 Sl il 5”’1 . f16
Os1 Os1 051
frz= 2 ﬁz,f34 = M,fﬁ = M,f%
u u
Os1 05
frg == 'Bzxs,fm = Bav, fao = PavA3z, fas = 57P3
OstB35¥Y 05t ;¥
fae = G575 +vBaA2, fag = % +vBaAg, f49 = vBsAs
6; 7B 633 Ih O3B
for = Joo=——— foa=———
91 m 9 m 94 m

Joo = %zrﬁl’f% = 93%41"[31 are elements of matrix F.

and
Gp, 0 0 0 0 0 0 Gg O
Gy Go» 0 0 0 0 0 0 0
0 0 G 0 0 0 0 0 0
0 0 0 Gu O 0 0 0 0

G=] 0 0 Gs3s 0 Gss 0 O 0 O
0 0 0 —y 0 Gg O 0 0
0 0 -t 0 0 0 G 0 0
0 0 0 —¢ 0 0 0 Ggg O
o 0 0 0 0 0 0 0 u

where;

Gii=u+Dg(1—¢€),Gis=(-1+8&)o0,
G21 = (&1 —1)Dy, Gy = 81 + U,

Gz =a+U+T+yDp,Gyy =0 +Yy+ UL,

Gs3 = —YDp,Gss = U+ 8,Ge = U+ 84,Gr7 =+ 8+ (1 — &)@,

Gsg = UL+ 63+ (1 — &) 0, are the elements of matrix G .
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With the aid of Mathematica software, the inverse of G is obtained as

Gil = 0 0 WIO 0 Wll 0 0 0 0
0O O 0O W 0 W3z 0 0 0

0O 0 Wu O O O Ws 0 O

(4.2.23)

where
Wi — 1 W, — oo (1—&)
p+Dy(1—e&1)’ (Y+u+9)(u+Du(1—€))(u+85+(1-&)0o)
Wy = o(l—g) W, = Dy (1—¢g)
(U+Du(1—&)(u+&+(1-&)0)’ (H+61)(u+Du(1—&))
W5 1 _ G(PDH(El—l)(Sz—l)

Wo — GDH(Sl — 1)(82— 1)
Tyt (u ) (p+Da(1—&) (u+ &+ (1—&)o)
1

Wg = ;
o+ +T+wDg
Woe — 1 Wi VDg (1 + ¢+ 6 — ¢&) ,
o+y+u (@ +p+t+yDp)(L+8)(L+8+(1-&)¢)
an;,lez Y ;
p+ 8 (@+y+u)(1+64)
Wiz = ! Wig = ! ;
1+ 64 (@+pu+1+yDp)(n+68+(1-&)0)
Wis = ¢ Wie = !
p+o+(1-8)e’ (¢ +y+u)(u+8+(1-8)o)
1 1
W]7—‘u+53+(1_£2)0 andngzﬁ
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The eigenvalues of NGM, FG~! is given by,

aig—P ap 0

FG'—PI= 0 0 0
0 0 0
0 0 0
0 0 0

Ig; Y 0

whose elements are represented as below
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aig 0

0 0
c34 €35

dy—P 0
0 —P

0 0

0 0

0 0

)on 0

aie

C36

dae

aig

€38

dsg

log

—P

(4.2.24)



apy = 73165 mDuPin30s (1 — &) a1 — 7B11365
p(u+Dy(1—&)) u(pu+8)(H+Du(l-e1)) 1(d+nu)

ayy = 7'L'ﬁ17]195 B JtB1950'¢ (82—1)
p(@+v+u) pm+Dy(l—e))(@+y+u)(nH+6+(1-&)0)
7y B1 1205 TP B11465

wo+y+p)(u+d8) p(@+v+u)(u+é+(1-£)o)
nDEPiM36s00 (1 —1) (e —1)

p(y+u+¢)(u+01) (u+Du(l—e))(u+8+(1-&)o)
_ fim206s

RTI(TRE A

_ PiM460s+ o (1—g)
np+8+(1-&)o)

i ﬂDHﬁ]T[395G(81 —1)(82—1)
Hy+u+9)(n+6)(u+Du(1—¢1))(u+6+(1-&)0)

nP1650 (& —1)

n(p+Dy(1—&))(u+6+(1-&)0)

aig

33— 73,65 n 705 x4T
pu(a+p+t+yDp) pla+p+t+yDp)(L+8+(1-&)9)
n 72051 yDp
p(oa+p+1+yDp)(L+6)
C3s = 72265 n 7YB2x30s n o B xs6s ,
uy+u+9)  uy+u+9)(n+d) p(y+u+e)(u+é+(1-£)o)
e3s = 732105 3 = 7PBrx30s ey — 73)405 ’
H(p+6) (e + 64) pp+&+(1-e)e)
C35 — 7P xs56s ’
u(p+68+(1-8)o)
e vBa __ DuPwhs(e—1)
(L+Du(1—¢1)) (H+61)(1L+Du(l—e1))
1% 4/\3
dy = IJBJF 5,
dus — vBso¢ (1 —&)

(WDr(1—e) (0t 7+ 0 (Lt 8+ (I—e)0)

DH,B4VA3G(P (81 — 1) (82 — 1)

(0+y+u)(u+61)(u+Dy(l—¢))(L+6+(1-&)o)

7305 + PapvAy Y (uvBaAs + B30sm'¥y) ¢ (BaAapy + B36sm'¥s)
py+u+9)  uo+y+u)(u+6és)  p@+y+u)(u+6+(l-&)o)
_ vuPsAy + B305mP

o p(u+d)
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o V‘LLB4A4+[33957L"P2 DHﬁ4VA3G(8|—1)(82—1)
BT uu+s+(1-8)o)  (u+8)(u+Du(1—8))(u+8+(1-&)0)
ﬁ4V0’(82—1)
(H+Dy(1—&))(u+8&+(1—&)0)

dyo — Vﬁ4/\5’
u
Ioy = ;LB _ wl'Dpfims6; (&1 —1) 7
pu+Dy(1—€1)) p(u+61)(H+Du(l1—¢e1))
0y — O;ns P
(8 +p)’
o — Ot lBy
B(p+8s)
Jos — 937T7]1FB1 nFB1¢n493
94 =

p(y+u+¢)  p(y+u+¢)(u+6+(1-¢)o)
nlDufin3650¢9 (61— 1) (e2—1)

Tulrr o) (8 (1 Dy (1) (ut 8+ (1-£2)0)
Y?'L'Fﬁ] 1’]293 B ﬂFB] 93G(P (82 — 1)
Hr+u+0)(u+6) p(r+u+¢)(u+Dp(l—&))(u+8+(1-8)o)’
937’57]4Fl31 ﬂFGDHﬁ1TI393 (81 — 1) (82 — 1)

o &+ (1—e)0)  H(mtd) (U Du(l—e) (it 81 (1—e)0)

ﬂFGﬁ] 93 (82— 1)
w(u+Dy(1—&))(n+8+(1-8)o)

The determinant of 4.2.24 is obtained by reducing FG~! — PI to upper triangular matrix
T and using Gaussian elimination method as follows, where I is a 12 x 12 identity matrix
and P is a scalar.

R4 — dy1Ry — (a11 — P) Ry
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where

a1 —P

Iy;

ap 0 ais 0 age
—P 0 0 0
0 ¢33—P ¢34 ¢35 36
Jap 0 Jyo 0 J46
0 0 —P 0
0 0 0 -P
0 0 0 0
0 0 0 0
1) 0 oy 0 o

aig O
0 0
czg O
J48 J49
0 0
0 0
0 0
—P 0
lIog —P

Jap = dyary — (a1 — P)dan,Jag = dayars — (ay1 — P) (dag — P),

Jas = darais — (a11 — P) dag,Jag = dsarg — (ay1 — P) das,

Jag = — (a11 — P) da.

R9 %Ig]Rl — (aU —P)Rg

a1 —P anp

0 —P
0 0
0 X4
0 0
0 0
0 0
0 0
0 Xo2

0 a4
0 0
c33—P c34
0 X4
0 0
0 0
0 0
0 0
0 Xo3
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Xos

Xog

Xo9




where;

Xap =dsrain — (a11 — P)dan, Xaa = dsyars — (ay) — P) (daa — P),
X46 = darar6 — (a11 — P)dae, Xag = dararg — (ay) — P)das,

X49 = — (a11 — P)da9, Xop = Ig1a1n — (a1 — P) Iog,

Xo3 = Igyarq — (a1 — P) log, Xos = Io1a16 — (a11 — P) Ios,

Xog = Ig1a13 — (a11 —P)Igg,ng = P(a11 —P) are the elements of matrix X.
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Ry — (ds1a12 — (a11 —P)ds) Ry + PRy

ann—P ap 0 ais 0 age
0 —P 0 0 0 0
0 0 c33—P ¢34 c35 c36

0 0 0 Yau 0 Yy

where;

as

€38

Yyg

Yog

Yy4 = P(dsrars — (ar1 — P) (dag — P)) , Ya6 = P (ds1a16 — (a11 — P)das) ,

Yig = P (dsya1s — (a11 — P)dag) ,Yag = — (a11 — P) Pdag, Yoo = aialoy — (a11—

P)ly;,

Yo4 = Igras — (a11 — P) log, Yos = ay6loy — (ar1 — P) Igs,

Yog = Ig1aig — ((111 —P)Igg,Ygg = P(a11 —P) are the elements of matrix Y.
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Rg — (a12191 — (a11 —P)]gz)Rz + PRg

an—P ap 0 ay 0 ag 0 aig O
0 -P 0 0 0 0 0 0 0
0 0 ¢33—P ¢34 c35 36 c37 c3g O

0 0 0 Nag 0 Ngg O Ngg Ny

0 0 0 Nog 0O Nog 0 Ngg Nogg

where;

Nys = P(ds1a1a — (a11 — P) (das — P)) ,Nag = P (daraie — (a11 — P) das) ,
Nsg = P (dsraig — (a1 — P)dsg) ,Nag = — (a11 — P) Pdag,
Noy = P (Igya14 — (a11 — P) Ioa) , Nog = P (a6lor — (a1 — P) o)

Nog = P (Igjars — (a11 — P) Iog) ,Nog = P* (a1 — P)

are the elements of matrix N.

Rg — (P (Ioraia — (a11 — P)Ios)) R4 — P (dsraia — (a1 — P) (das — P)) Ro
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ail—P an
0 —P
0 0 c¢33—P ¢
0 0
M= 0 0
0 0
0 0
0 0
0 0

where;

aie

€36

mz

my

ag

€38

m3

0

0

0

—P

ms

0

0

0
—(a11 — P) Pdyg

0

0

me

my = P (d41a14 — (a11 — P) (das — P)) ,mp = P (ds1a16 — (a11 — P) das),

m3 = P(dy1a13 — (a1; — P)dag)

my = P (aydar + (P — a11) dag) (a1alor + (P — a1 Ios)

— P?(ayadsy — (P —ayy) (P— das) (ar6lor + (P —any) Iog)),

ms = P2 (Ioya14 — (a1 — P) Ios)) (dsrars — (ar1 — P) dag)

— P?(dy1a1s — (a11— P)(daa — P)) (Iyrars — (a11 — P) Iog)

me = —P* (Iy1ais — (a1 — P)Ios)) (a11 — P)dao

— P3(dy1a14 — (ay; — P) (dag— P)) (a1 — P) are the elements of matrix M.

R9 — myRg+ PRy
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an—P ap 0 ay 0 a 0 ag O

0 0 c33—P c34 ¢35 c36 ¢37 ¢33 O

0 0 0 Wao O Wy 0 Wyg Wy

where ;

Wiy = P(ds1ais — (a1 — P) (dag — P)) ,Wye = P (ds1a16 — (a11 — P) dae),
Wag = P (dsrai1g — (a11 — P)dag) ,Wag = — (a11 — P) Pdag

Wos = P? (Iyyays — (a11 — P) Ioa) ) (dararg — (a11 — P) dag)

— P (dga1s— (ar1— P)(das — P)) (Ioya1g — (ar1 — P) Iog),

Wog = —P? (Iyya1s — (ar1 — P)los)) (a1 — P) dao

— P*(dy1a14 — (a11 — P) (dag— P)) (a1 — P) are the elements of matrix W.
Ro — wiRs + PRy

and finally the upper triangular matrix, 7 becomes
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an—P ap 0 aig 0 aig 0 ag O
0 —P 0 0 0 0 0 0 0
0 0 33—P c34 35 c36 c37 ¢33 O
0 0 0 Tyy 0 Ty 0 Tyg Tyo

r'=1 o o0 O O —-P O O O O

0 0 0 0 0 0 0 0 Ty

where;

Ty = P(dsrars — (a11 — P) (daa — P)) , Tus = P (da1ai6 — (a11 — P) das),

Tug = P (dsya1s — (a1 — P)dag) , Tag = — (a11 — P) Pdag

Tog = —P* (Iy1a14 — (a1 — P) Io)) (a1 — P)dag — P° (dsrars — (ary — P) (daa— P) (a1 — P)
are the components of matrix 7', which is triangular whose determinant is determined by

multiplying the primary diagonal’s elements;

—P5 (all - P) (033 - P) T44T49 =0 (4.2.25)

substituting for 744 and Ty9 into (4.2.25) and simplifying yields the characteristic polyno-
mial

P’ (ai; — P) (c33 — P) (ki P> —koP* — k3P + ko) =0 (4.2.26)

where ky = a1 +dsa, k3 = a14ds) — ar1das + daolos and kg = ay1daglos — ay4daolyy
solving 4.2.26, gives the eigenvalues of the reduced form of NGM as ;

P=P=P=P,=Ps=0,Ps=c33,Py = a,
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V2(k3+3k3)

_|_

LI,

3 (2k2727k0+9k2k3+\/ 74(k%+3k3)3+(2k3727k0+9k2k3)2)

1
3

(2@ ~ 2Tk + Skaks +y/ ~4 (B + 3ks) + (26 — 2Tho + 9k2k3)2)

3v/2
(14iv3) (—k3 — 3k3)

1
3

3 x 23 <2k§ — 2Tk + Oheaks + ) —4 (B4 3ks)* + (263 — 2Tko + 9k2k3)2)

Py=—=+ q
(—1+iV3) <2k§ — 27k + Ykok3 + \/ —4 (K2 +3ks)” + (243 — 27ko + 9k2k3)2)
(1-iV2)(-I3—3k)

Po= % + ; T+
3x23 (2k2727k0+9k2k3+\/ —4(K3+3k;)’ +(2k§f27k0+9k2k3)2) ’
6v2
1
(1+iV3) (2@ — 27ko + 9kaks + \/ —4 (k2 +3k3)” + (263 —27ko + 9k2k3)2) 3
6V/3

The complex eigenvalues Py and Py are ignored since the solution to the model exists
and bounded within the positive real domain R. By inspection, it is evident from the above
expressions that P corresponds to basic reproduction number to the case of HBV infection,
P; to the case of HIV and Ps contains the components of HIV-HBV co-infection. Thus,
setting parameters representing the control interventions 3 =0, =& =& =17=¢ =0,
the corresponding basic reproduction numbers for HBV and HIV-HBV co-infection case

is given by;
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H 73105 nDyB1136s

RH — n 4.2.27)
N u(u+Du) " w(u+8)(u+Dn)
73,065 73051 wDp
RE =c33= 4.2.28
ONTIB T (et u+yDg)  p(a+u+yDp) (L+8) (4228
ko V2 (k3 4 3k3
RE = =+ (k3 ) %

3 (2@ — 27ko + 9kaks + \/ —4 (k3 +3k3)” + (263 —2Tko + 9k2k3)2)

1
3

(2k§ — 27k + ks + /4 (13 + 3k3)” + (243 — 27ko + 9k2k3)2)
372

+ (4.2.29)

and like most co-infection models, the maximum for the HIV-HBV co-infection model is
included in the basic reproduction number and is expressed as Rgf Ilf, = max {P7 , R{){ N Rg N} .
However, the spectral radius of the Jacobian matrix for the full model is ascertained in nu-
merical simulation. Eigenvalues describes the stability of a system. In epidemic models,
complex eigenvalues are often avoided due to their complexity and applicability. These
eigenvalues are not directly meaningful in the context of epidemic modeling. Instead, re-
searchers should focus on real eigenvalues, which correspond to exponential growth or
decay in the population of infected individuals. This approach simplifies the analysis and
interpretation of the model (Hitzer, 2002). The maximum values for R{} is confirmed
numerically in section 4.5.3.

The reproduction numbers calculated in 4.2.27, 4.2.8 have the interpretation that they
can be used to account for the contribution of each infection to HIV-HBV co-infection
in 4.2.29. They can also be used to ascertain the spread, persistence and endemicity of the
co-infection. In essence, in co-infection models, the concept of Ry now becomes much
more complicated since the infection may have an effect on the spread of another. The
presence of one infection may cause the immune system of the host to be weak, which

would further increase the Ry of the second infection. On the other hand, a protective
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immune response against one might be provoked by the other or they may both require
similar resources in the host; resulting in reduced value of R of the second infection. In
other instances, co-infections may result in a more severe disease outcome and possible
changes to the transmission dynamics which can change the Ry values of both the infec-
tions. Consequently, in the co-infection models, the Ry of each organism must be consid-
ered in conjunction with others circulating in the population where they may interact and

affect transmission levels and severity of the diseases they cause.
4.3.2 Control reproduction numbers

Control reproduction number was defined by Brauer et al. (2019) as the average number
of susceptible individuals that an infected individual can infect once control measures;
treatment, vaccination and natural immunity are taken into account. This is given by the
dominant eigenvalue known as the spectral radius { of the Jacobian matrix represented as
4 (F G_l). We use the notation R¢ for the control reproduction number estimated when
control interventions are in place. Therefore, the control reproduction numbers for each of

the cases are as follows;

0 Dy Bins6s (1 —
Rg: 71 65 Dy B1m30s (1 — &) (4.2.30)
w(w+Du(l—¢1)) p(u+61)(u+Du(l—er))
RE — 73,65 T2 OsxaT
B _
p(o+p+t+yDg)  p(o+p+7+yDp)(L+8+(1—&)9)
7205 x1¥Dp 4231)
p(a+p+t+yDgp)(p+ )
ko \3/§(k2—|—3k3)
K — X
3 (203 27ko + Okaks + V4 (B + 3ks ) + (2K — 2Tko + 9koks) )
3 V 2 3 3 7\
(263 = 27ko -+ Okaks + V4 (1 + 3k3) + (243 — 2Tko + Ykak)”)
+ (4.2.32)

3v/2
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The numerical values for control reproduction numbers given by 4.2.30, 4.2.31 and 4.2.32

are obtained numerically obtained in section 4.5.3.
4.3.3 Computation of basic reproduction using the survival function method

The survival function defines the number of new infections due to an initial case and com-
prises of three components;

(1) the rate at which an individual in a particular class causes new infections, k;b;

(ii) the probability, P that an individual is still in the class at time, ¢.

(i11) the probability that an initial case will enter that class (Shaw & Kennedy, 2021).
Thus, the basic reproduction number based on this approach is defined by the integral
of the product of the first two terms (i) and (ii) multiplied by the third term (iii) derived
from the contagious classes and following the study by J. Li, Blakeley, et al. (2011), the

reproductive number by method of survival function is given by
Ros = / (kb x P)dt (4.2.33)
0

where kb is the number of new susceptible individuals that the infected individual infects
in unit time when infected for total time ¢ and P is probability that the newly infecting
individual develops an infection that persists for at least time 7.

Casting 4.2.33 to all the infectious classes and integrating, we have

0o 50
Rosy = BiS° Ji exp(— (i + (1 — &) D)) di = P25

RO,A :Of(;x’exp(— (61 ‘|‘,U)t)dt = l%(sl =0
o 0
Roy = B2S° [y exp (— (1 + 0+ T+ yDp)1)dt = /.L+aﬁ25+l[/D3

Rosy = 0.J57exp (— (14 8)1)di = ;2% =0

- 0
Ro 15 = B3S° [5"exp(—(¢ +y+ p)t)dr = ¢§-3?g+u
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Ro1ycp = Of(;oexp(— (U+ds)1)dt = y—854 =0
Roz, =05 exp(— (1 + 8 + (1 - &) @)1)dt = 50 =0

Ro1yp =0 J5 exp (= (L + & + (1~ &) 0)1)dt = 55 =0

o 0
Roy, =TBiVY [7exp (— (1 +vBsAs)t)dr = ul;rlilﬁ‘i/\s'

Hence 4.2.33 becomes
Ros = Ro.1; + Roa+Ro 1, +Ro 1.5 +Ro 1,5 +Roys +Ro1s +Roys +Rovy  (4.2.34)

Substituting for S° and V° as previously obtained into 4.2.34 yields

ROSZE( P16s n B26s L Psbs 3165
Top\u+(1-&)Dy p+o+T+yDp  9+y+p U+VPsAs

) (4.2.35)

Equation 4.2.34 gives the sum of individual reproduction numbers of the infectious com-
partments; Iy,A,Ip,I.p,Iup,Incp, g, T, and Vg from an index case respectively. The
Ro s in 4.2.35 accounts for the reproduction number from each of the infectious classes in
the presence of control interventions at CFE point, EgB. Thus, it represents the control
reproduction number Rc. Unlike the NGM, the survival function has the advantage that it
always produces the average number of secondary individuals infected by a single infected
individual, in the same class. It is a generalized method of calculating the basic reproduc-
tive ratio that is not restricted to ODEs. However, determining the individual probabilities
can be cumbersome, especially if multiple states are involved as in co-infection models.
Accordingly, although this method always gives the correct Ry in practice, it is rather in-
effective. This is particularly the case for models of sufficient complexity and these are

usually the most common types of models encountered.
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4.3.4 Determination of strength number

The study by Atangana and igret Araz (2021), among many epidemic models indicated
that while some success has been achieved, great limitations have also been experienced
in terms of the basic reproduction number. While this concept has been employed to
determine whether the spread will be severe or not, some great weaknesses have been
pointed out by some researchers. For instance, they realized that such value is not unique
as it can be obtained using different methods. Another issue is that, this number should
have been a function of time not a constant value. Additionally, it was also noticed that
a reproductive number cannot be used to indicate whether a model will predict waves or
not (Hussien, Genawi, Hagabdulla, & Ahmed, 2025). As a result of these shortcomings,
recently an alternative number called strength number is suggested and it is still under
several investigation to establish whether it can be used to help detect some complexities
in the infection spread or at least it can help detect waves in a spread (Farman, Shehzad,
Akgiil, Baleanu, & Sen, 2023).

The value is derived using the NGM by taking the second derivative of infectious classes.
The evaluation of the signs of the strength number helps to quantify the complexities in
the spread or waves. If the second derivatives of the infection is zero, then there is no
complexity or wave in the infection spread. A positive second derivative implies that there
are more than one wave or complexities involved in the spread while a negative value
shows that there is one single wave in the spread. The concept of Frequency-Dependent
Transmission (FDT) is applied for the force of infection, which asserts that the per capita
contact rate between susceptible (S) and infected (I) people in FDT is independent of pop-
ulation density (Ecology, 2013). Therefore, density has no effect on transmission rates.

Here we discuss about the strength number A related to the co-infection model as follows.
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Applying the quotient rule, the associated second derivatives of the contagious classes
Ig,A, I, 1., IgB,IHcB, Tp, Tup and Vg are;

5 (592 - (1) -py (402 ¢

o\ N o1z \ N Iy N2 N2

5 (570 =g (1) i () = 2

3?53 ((&SOJF%W)IHB) (B3S° + BavAp) 3122 (1"—3)

! 0 v
= (B3S%+ BavA1) (Hﬂ) _ _(ﬁ_%s;#

The second derivatives of A, I.g,Iycp, 1, Tucp, Typ and Vg are zero. Therefore, the Jaco-
bian of the matrix of new infections and transfer of infections for the second derivatives of

the infectious classes are found as

~BS 0 0 0 00000
0 0 0 0 00000
0o o & 0 00000
0 o o BTN G000
Fa=| 0 0 0 0 00000
0 0 0 0 00000
0 0 0 0 00000
0 0 0 0 00000
0 0 0 0 00000

and G;l is the same as G~! as earlier obtained in 4.2.23.
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The det (|FA GXI — Al D =0, gives the strength numbers related to Iy, I and Iyp given as

73165
A = — 4.2.
O = TN (i D (1 —en) (3230
73,05
A = — 4.2,
0,15 N2 (ot 1+ T+ yDp) <0 (4.2.37)
73365
A = _ 4.2.38
TNy e+ 9) (3239

From 4.2.36, 4.2.37 and 4.2.38 above, it follows that the strength numbers are all negative
for €1 is greater than or equal to zero in equation 4.2.36. This is an indication that the HI'V-
HBV co-infection model will have a single magnitude or wave, which implies a single,
forceful surge that does not renew itself at once, although further analysis is required to

confirm at what point the infections will increase, decrease or even resurge.
4.4 Co-infection-Free-Equilibrium Point Stability Analysis

The local and global stability of Co-infection-Free-Equilibrium Point is established using

the Routh-Hurwitz criterion and Castillo-Chavez technique respectively.
4.4.1 Investigating local stability of CFE point, E?,B

Here, we use the Routh-Hurwitz stability criterion to establish the local stability of E?,B.
The necessary and sufficient conditions for every root of the characteristic polynomial
(with real coefficients) to be on the left half of the complex plane are provided by signit-
icant criteria by Routh-Hurwitz. In other words, if and only if the determinants of every
Hurwitz matrix are positive, then every polynomial root is negative or has negative real
roots (DeJesus & Kaufman, 1987). We prepare the Routh table and determine whether the
system is stable or not since it is not easy to find the roots of the characteristic equation of

a matrix with symbolic representation.
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The system of ordinary differential equations (ODE) can be called linearized when a non-
linear system is approximated with a linear one near a specific point, usually an equilib-
rium point. This does not break local behaviour and simplifies the analysis. Linearization
reduces a nonlinear system and approximates it to a linear system and is one powerful
method to study the local behaviour of the nonlinear system around an equilibrium point.
This is by finding the eigenvalues of the Jacobian matrix at the equilibrium point and con-
sequently finding the stability of the equilibrium point (Cheng, Hu, & Shen, 2010). Thus,
the system of equations 4.2.1 to 4.2.12 are linearized as follows:

J1 (S, A, I, Incs, Tup, Is, Ic, T, R, V, Vi) = 05T — (A + 2 + A3+ 1) S+ OR

fo (S, I, A, Ing e, T, In, Ics, Tg, R, V. V) = O, + M S+ (1 — &) 6 Tz
—(Ma+p+(1—¢€)Du)ln

f3(8,1u,A, Iup, Ince, Tup, I, Ics, Tp, R, V, Vi) = (1 — €1) Duly — (61 + 1) A

Sfa (S, Iy, A Iy, Iuc, Tup, I, I, T, R,V,Vy) = (1 —p)m+ X3S+ (Iy +v) s+ Aslp— (¢ +
Y+ 1) lkB

f5(S,1n,A, I, Iuce, Tup, I, Ic8, g, R, V, Vi) = Vlup — (U + 64) Incp

f6 (S, 11,A, Iup, Iucs, Tus, I, Ic, T, R,V,Vy) = ¢Iyp — (L + 63+ (1 — &) 0) T
f7(S,1n,A,Iug, Ince, Tup, I, I8, T, R, V,Vi) = o+ 1S — (W +As+ o+ T+ yDp)Ip
18 (S, 14,A, I, Iuce, Tup, I, 1c8, Tp, R, V, Vi) = WDplg — (L + &62) Iep

1o (S, 11,A, I, Incs, Tus, I, Ice, T, R,V,Vy) = tlp — (L + 03 + (1 — &) @) Tp

J10 (S, 11,A, 1B, IHcs, T, I, 1B, Tp, R, V, Vi) = ol + (1 — &) ¢Tp — (0 + )R

J11 (S, 1u, A Iup, Ines, Tu, I, 1o, Tp, R, V, Vi) = 030 — (L + A1)V

Sf12 (S, Ia, A Iy, e, Tup, I, I8, Tp, R, V, Vi) = 04 + T A1V — (U +VvA4) Vg

where f1, f2,....f12 denotes the derivatives of the state variables in equation 4.2.1-4.2.12.
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The Jacobian matrix J of the above system at Eg 5 1s given by J (EIQIB)

—u —Lp —Lis —Liu —Ls —Li —Li7 —Lig -Ly o O
0 —Ly —Lyy —Lpyy —Lys Ly O O 0 0 0
0 L3yp —-ILz3 O 0 0 0 0 0 0 0
0 Lp Liz Ly Lis L O 0 0 0 0

0 0 0 Y —Lss 0 0 0 0 0 0

J (EIO{B) =

0 0 0 0 0 0 o 0 Lioo Lioio 0

(=)

Liiz Lus —Lis —Liis —Lige O 0 0 0 —u

)
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where

Lip =SBy, L1z = S°Bins, Li7 = S°Ba, Lis = S° Box1, Lio = S°Boya
Lis=S" (B3 + Bimi + Box1) . Lis = S° (Bimz + Boxs + B3 ¥1)

Lis = S° (Bina+ Boxs + B3¥2) . Loz = S°Bims, Los = S°Bimy

Los =S8°Bim2, Loy = S°B1 + i+ Dy (1 — €1) ,Log = 6 (1 — &) + S° B4
Ly =Dy (1—&) Lz = (1t +81),Lag = S*B3 +vPaAi — (Y + 1+ 9)
Ly = P4, La3 = vPaA3,Lag = vPsAs

Lys = vBsAs + S B3P, Lag = vBaAg + S B3 W2, Lss = (1 + &s)

Lo =1+ 83+0(1—&),Lys =SBoyn,Lzs = S° oy, Lrs = S Baxts
Ly7 =SB — (a+p+7t+yDg),Lis = S°Box1,L7o = S°Baya
Lgg=—(L+8),Log=—pu—&—0(l-¢&)

Ligo = (1—&)@,Lio10 = — (@ + 1)

Liiz = —V°TBi,Liiz = —VOIBim3,Lita = VT By, Liys = VO Bimy
Liie = VT Bin4, L2z = VT By —vBs, Loz = VOT B3 — vBaAs

Ligs = VOTBim1 — vBsAr,Lios = VT iy — vBsAg, Lizg = VOT Bi1s — vBaAs

Lizia = —p —vPBsAs

The eigenvalues of J (Ej)) are obtained by reducing J (Ef}) to J —zI, an upper triangular
matrix by applying the Gaussian elimination process. The process involves row operation
by addition, subtraction and multiplication. By subsequent row operations, nine eigenval-

ues are obtained as follows;
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1= —U,

n=La=—(SBi+u+Dy(1—g)),

3=U=—(SBimsDy (1—&)— (S°Bi+1+Dy(1—¢&)) (n+8))),
24 = UyUy — U, Us,

zs = Hy = y(UsUs — U Us) + (UsUz — U1 Us) (U + 64)

76 = H3H>, — H Hy,

z7 =P,

28 =WYDgP,+ P (Uu+ &), and

Z9:G1.
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where,

Uy =—S"BimsDu (1—€1) —Lia (u+8),U> = =S’ BimDp (1 — &),
Us = —S°BimaDy (1 — &),

Us = —S°Bim3vBs+ L14vBaAs, Us = —S° BimivPBs+ LiaLig

Us = —S°BimavBs + LiaL17,Us = vBaLys + LiaLis, Us = LiavBaAs,
Ty = S°Bin3 VOB — L14VTBim;

T, = S°BimVOT By — LisV T Bimy

T3 =S°BimaVOI B — LiaVOT Bimy, Ts = —VOI'BiLis — LiaVTBina, Ts = —Lialt,
Dy = —S°Binz (VOT'Bi —vB4) + Lia (VT Binz — vBsAs)

Dy = —S°Bimy (VOT'B1 —vBs) + Lia (VT Bimy —vBaA)

D3 = —S°Bimy (VOT'B1 —vBs) + Lia (VT Bima — vBaAs)

Dy = (VOT'B1 —vBs) Lis +Lia (VT B11s — vBaAs)

Ds = —Li4 (1 +vBsAs)

Hy = y(UsUs — UyUg) + (UsUs — Uy Us) (1 + &)

Hy = y(UsDy (1 —€1) L15 —U1Uy)

H3 = ¢ (UsUs — U1 Us)

Hy = ¢ (UsDy (1 — &) L1s — U U7) + (UsUz — U Us) Lyo

Hs = S°Byy2 (UsUs — UiUs) — (UsUs — U Us) S° Ba 3

He = S°Bay> (UsDy (1 — €1) Lis — UUz) — (UsUs — U Us) S° B s
H7 = — (UyUp — U Us) (L1o10 — 2)

Hg = — (UsU> — UyUs) S° Boys

Ho = — (UsUs — U1Us) S° Bo x4
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Hyg= (T1U2 —U1T2) (U4U3 — U1U6) — (U4U2 —U1U5) <T1U3 — U1T3)
H1l = (Tle—U1T2> (U4DH(1 —81)L5 —U1U7) —

(U4U2—U1U5) (TlDH(l —61)L15 —U1T4)

H12 = (UsUs — U Us) Uy T

H13 = (D\Us — Ui D) (UsUs — UyUsg) — (UsUs — UyUs) (D1Us — Uy D)
H14 = (D1U2 — U1D2) (U4DH (1—¢g)Ls—UU7)—

(UsUy — U Us) (D1 Dy (1 — €) Lis — U Dy)

H15 = — (D1Us — Ui D2) U Us + (UsUs — UyUs) U1 Ds

P\ = (HsH> — HyHy) HyHy

P, = (H3H, — H\Hy) H Hg

Py = (H3H> — Hi Ha) Hy Ho

Py = —U UgyHs3 (HsH — H Hg) + (H3Hy — H Hy ) U, Ug YHs

Ps = (H3Hy — HHy) HiH»

Ps = —U UsyH3 (H1oHy — H Hy1) + (H3Hy — H Hy ) U UgyH

P; = ~U\UgYH3 (Hi3Hy — HiHy4) — (H3Hy — HiHy) (U UgyH 3 + H H5)
and G| = (WDg)? PoPy — (WDpPs+ Py (L + 8,)) (tPs — PL1y)

Gy = (yDp)’ PyPy— (WDPy+ Py (L + &) TPy

G3 = aPyDpPs — (YDpP, + P (U + &) (aPs — P (1 — &) @)

Gy =—P (YDpPy+ P (L + &)) (0 + )

Gs = aP,yDpPy — (WDpPy + Py (L + &2)) APy
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The Jacobian matrix J finally reduces to a 3 x 3 upper triangular matrix J — zI given as

~G1Gs—z 0  G3G,—GGs
0 Ps—z Py (4.2.39)

0 0 P7—Z

Thus, the eigenvalues of 4.2.39 are obtained by det(J — z/) = 0 given by
—(G1G4+2)(Ps—2)(Pr—2) =0

On expansion it yields a characteristic polynomial of degree 3 of the form
P(2) = a12’ + ax2? + a3+ a

which is equivalent to

2 +(G1Gy — Ps — P1) 2+ (PsPy — G1GaPs — G1G4Pr) 2+ G G4Ps Py = 0

The signs of the remaining 3 eigenvalues of 4.2.39 are predicted using the Routh-Hurtwitz
criterion (Patil, 2021) as shown in the proof of theorem 3.

wherea; =1>0,a) =G1G4—P5—P7,a3 = PsP; — G1G4P5s — G1G4P7 and ag = G| G4 PsP7 >
0

Theorem 3. EQIB is locally asymptotically stable if and only if all the elements in the first
column of the Routh array are completely positive and a; > 0 otherwise EQIB is unstable.

Proof. The Routh array for P(z) is constructed as follows

Z3 al as
Z2 ay | o
Z b 1 b2
ZO ao

The b and b, are the Hurwitz matrices obtained as
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by — araz — aiag
ap
(G1Gs — Ps — Py) (PsP; — G1G4P5s — G1G4P7) — G1G4PsP;

G Gy —Ps—P;

by =0
At this point, it is not possible to ascertain the signs of a; and b; due to their symbolic

representation. But numerical simulation will give a confirmation of this realization.
4.4.2 Investigating global stability of CFE point £},

We apply the Castillo-Chavez technique by Brauer et al. (2019) to assess the global sta-
bility of E%B. According to this method, the conditions that must be met in order for the
system to be globally asymptotically stable are;

Cl: dd—}f = F (X*,0),X* is globally asymptotically stable

C2: M(X,Z) = AZ —M(X,Z), where M(X,Z) > 0 for (X,Z) € Q, where

A =DzM (X*,Z) is a Metzler matrix whose off diagonal entries are positive and Q is the
feasible region.

Thus, if M (X,Z) > 0, then the CFE point EQIB is globally asymptotically stable if the
parameters of the model are positive otherwise it is unstable.

Theorem 4. If the CFE point El(’-)IB satisfies C 1 and C 2 whenever R < 1, then, it is
globally asymptotically stable.

Proof. The model (4.2.2) is written as % = F(X,Z) and ‘% = M (X*,Z), where the
components of X stand for the quantity of susceptible, immunized, and recovered non-

infectious individuals, that is X = {S,V,R} and the components of Z denote the number of

individuals capable of transmitting the infection given as,
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Z = {In,AIp,1:8,14B, 1B, Tp, Ty, Vi }. In our case,

9571'—()»14-12—}-13%-[.1)5-{-(01?
O3m—(u+TA)V
0

0

(X,0)=F(S,v,0,0,0,0,0,0,0,0,0,0) = 0

(4.2.41)

and the Jacobian of (4.2.4.1) denoted as
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DxF(X,0) =

g 0 0

0 —uv 0
0 0 0
0 0 O
0 0 O
0 0 O
0 0 O
0 0 0
0 0 O
0 0 O
0 0 0
0 0

0

0

0

0

0

0

000O0O0O0OO

0

0

(4.2.42)

From the above matrix 4.2.42, since all of the eigenvalues are evidently negative, E[%B is

asymptotically stable globally. Thus, Condition C1 satisfied.

917’C+115+(1 —82)0'THB— (7(‘4+‘LL-|—(1 _SI)DH)IH

(1 _SI)DH[H_ (51 —|—‘LL)A

O+ S—(U+As+a+1+wDpg)lp

vDplg — (U +62) LB

(I1—p)m+A3S+ (g +Vv) A+ Aslp— (¢ + v+ 1)Iup

Yl — (U + 64) Incs

Tl — L+ 8+ (1-&) @) T3

Olup — (L + 03+ (1 —&)0)Tus

04w +T AV — (,Ll + V7L4) Vu
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The Metzler Matrix A is obtained as

Al A 0 0 Ais A 0 A O

Ay —Ax»n O 0 0 0 0O 0 O

A=DzM(X.Z)= | vBy vBsAs O 0 Ass Asg 0 Asg Asg
0 0 0 0 Y —A¢ O 0 0
0 0 T 0 0 0 Ay O 0
0 0 0 0 () 0 0 A, O
Agr  Ag 0 0 Ags Agg 0 Agg —H
where

A =BiS"—pu—(1—&)Dy A = Bim3S° Ars = Bim S’ Ay = BimaS?,
Ag =Bin4S’+ (1 — &) 0,42 = (1 — £1) Dy, Ay = (81 + 1) ,Aza = o1 S°,
Azz =S — (L + 0+ T+ yDp) , Ass = B8, Aze = Pax3S", Azy = BoyaS?,
Az = BoxsS%, Ass = B3SO +vBaA1 — (¢ + 7+ 1), Ase = B3S°Y1 +vBaAs,

Asg = B3S"Y2 +vBsA4, Aso = vBsAs,Acs = (1L +S4),
App=—U+&+(1-8)9),An=—(U+85+(1-&)0)

Agy =TB1V°, Agy =TB1VOn3,A05 = TV, Age =T VO,

Agg =TB1VOn4
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and

0 0 wyDp —(u+&) 0 0 0
AZ=| vy vBuAs O 0 Ass Ass 0
0 0 0 0 Y —Ass O
0 0 T 0 0 0 Ay
0 0 0 0 ¢ 0 0
Aoy Ay 0 0 Ags  Ags 0

Anlg +AnA+Aislap+Aielucs +A13Ths
Aol — ApA
A33lp + Azalep + Aselucp +A37Tp + AsgThp
wDlg — (U + &) I
= | vBaly +VBaA3A +Asslup + Aselucs +AssTup +AsoVi
YIup — AcclHcp
Tlp —A77Tp

Ol —A73THB

Ag1 Iy +A9AgsIHp +AgelHcp +AogTup — UVH

But M(X,Z) = AZ— (X,Z)
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IgAn +AnA+Aislug +Aiclacs +A1sTus
IgAz; —AxA
A33lp +Asalep +Asslup +Aszelncs +A37Tp +A3sTup
WDl — (U + &) Icp
VBaly + vBaA3A + Asslyp + Aselucp +AsgTup +AsoVy
YIup — Ac6lHcB
tlg — A77Tp
O1np —A78THp
Ao1ly +A9A + Aoslap + AgelHcs + AogTup — UVH
Ot +MS+(1—&)oTyp— (Ma+pu+(1—¢€)Dy)ly
(1— &) Dl — (8, + 1) A
O+ AS— (U+As+a+ T+ yDg)lp
vDplg — (U +62) I
(1—p)m+A3S+ Iy +v) A+ Aslp — (¢ + Y+ w)Iyp
YIup — (U + 64) lncp
tlp—(u+ 6+ (1-&)@)Tp
Olup— (L + 03+ (1 —&)0)Typ

o4t +T AV — (,u +vl4) Vu
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M11(X,Z)

M31(X,Z)

MX,2)=| #51(X,2)
0
0

0

M91(X,Z)

where

MI(X,Z) = I}y Ba+ TupBimi (S° —S) + IueaBimz (S° — S) +ABims (S —5)

+ TupBina (S° =) + 1nTrpAsPs

+ 15 [ (SO =) Bi + Ba (InpA1 + Aolres + AsA + AsVy)| — 01

M31(X,Z) = 13Bs +15 ((S° = S) Bo + Bs (Yilup + Yalcg + Yalucs + YaTp + YsTus))

+ B2 ((28° =) xulcs + (S° = S) (x2lus + x31ucs + XaTp + X5TuB)) — 6270

M51(X,Z) = B3 (S° (X1 +Iup + Yilpes + YoTup) — S (Iup + ¥ilnes +PaTus) )
—n(1—p)— Ity —IpAs

M91(X,Z) = IgTBy (VO V) +wWiluBs + IygTBimy (VO —V)

+InegTBima (VO = V) + +ATBin3 (VO = V) + Tupl Bina (VO - V)

+vBuVu (InpA1 + IacpAo +AA3 + TupAs + Vi As) — 0470

From the above analysis, it follows that 1\7111(X,Z) > 0,1\7131 (X,2) > 0,1\7151(X,Z) >0,
1\291 (X,Z) >0, since there is a limit to the number of susceptible and immunized, then § <
SO and vV < V0. It is also evident that M (X, Z) = Ma1 (X, Z) = Mg (X, Z) = M7 (X,Z) =
Mg (X,Z) = 0. Hence M(X,Z) > 0, implying that CFE point is GAS when REB < 1.
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Condition 2 is also satisfied. This completed the prove of the theorem.
4.4.3 Existence of co-infection endemic equilibrium point, £},

Three possible endemic equilibrium points that can be established are; HIV endemic equi-
librium point, E7;, HBV endemic equilibrium point, E; and co-infection endemic equi-
librium point, E7;5 but we only investigate the existence of co-epidemic endemic equilib-
rium point. We denote Ej;5 = (S*,V*, Vi3, R* Ij;, A% I, I'p, Tg Ity Ity 5, Ty ) to be the co-
infection endemic equilibrium point for the system of equations (4.2.1 to 4.2.12). Equating

the rates of change of equations 4.2.1 to 4.2.12 to zero, the expressions for endemic states
are obtained as;

¢ 05T + wR*
A A A +u
. Om+TA[V?
H:W
. 9377:
Cp+TAf
R — alg+ (1 —&)eTy
o-+Uu
. 9271'4-7(2*5*
B u+Ai+a+t+yDg
« _ YDl
TS
] tlp

TF —
B U+s+(l1—g)o
I 917T+7LI*S*+<1—82)0'TI_>;B

B A+u+(1—&)Dy
. (1—&1)Dyly
o1+ MU
gy (P23 4l + VA + 231
¢+y+u

« _ Ylp

HeB = s,
- 013

:,U+53+(1—82)G
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d L — Bi (Gi+mIp+ 1l s+ A +MaTjip) 1 — Bo(Ip+x11c+Xolnp+ X313+ XaTp+X5THB)
an = N* s My = N* 5
o _ Bt Wil t¥oTyip) 5o Ballit Ml +MolficptAsA™ +AaTyp+As V)
3 = N Ay = N ;

«  Bs(Iy+ X1 I p+ Yo Lig+ Y3 cp+ X4 T3+ Y5 T )

§ = G , Where

N =8+ +A + g+ g+ Ly + 1.5+ T + T +V*+ Vi + R

Even though it was challenging to find an analytical solution for the endemic states in terms
of model parameters, it was nevertheless possible to establish the necessary conditions
for the endemic equilibrium point to exist. In order to determine the conditions for the
existence of Ej;5, we thus formulate and demonstrate theorem 5.

Theorem 5. There exists a positive and unique endemic equilibrium point E7; 5

if Ry yp > 1 otherwise does not exist.

Proof. A co-infection endemic equilibrium point exists when each component of Ey;j is

positive and the corresponding rates of change are equal to zero, that is % =0, d[‘l/: =
AV, o drt o Ay o dAr o dly o dly o dTy o dlp o dlyg o dThp
0, =0, =0, 5 =05 =057 =077 =073 =0,7F =0,—# =0,—7* =
0, and the infectious classes; Iy # 0,1yp # 0,1 # 0,15 # 0, Typ # 0.
From section 4.2.2, we have the following equations for the co-infected cases
dI;:IB _ * ok * * * ok *
dr;
5;3 =yl — gl =0 (4.2.44)
dT;
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where g1 =@ +y+U,q2 =1+ 064,93 =L+ 63+ (1 — &0)

Solving 4.2.43, 4.2.44 and 4.2.45 for I, 5, .5, T 3» We obtain

o (1=p)7+ B3S* (Iyp +W1lg.p + YoTyp) + Bav (Ailyp + Aol p + AaTyip)
HB —

q1
(4.2.46)
I*
s Yigp (4.2.47)
q2
I*
Tip = Olip (4.2.48)
92

Substituting Iy; g, T7;5 into 4.2.46 we get

(1= p)m+ BS™ (Lip+ 1 2 4 2 28 ) + Bw (A g+ Ao 2+ Ay 22
Iyp =

q1
(4.2.49)
canceling I;; on both sides of 4.2.49, we obtain
(1=p)m+BsS™ (1421 L +922 ) + Bv (A1 + Ao + Asd)
(4.2.50)
q1

From equation 4.2.50 it follows that

1_ *
= U=pm, BS (1+‘P1 y+‘1’2—> Pav (A +Azl+A43> (4.2.50%)
q1 q1 q2 q2 qi q q2

Consequently, from equation 4.2.34, it implies that R;; HB =

_ BsS*
q1
Hence, 4.2.50* becomes
1—p)m
T Gl )L, (1 e —|-‘P2—) Pav (A nywni +A43) (4.2.50%%)
q1 ’ q2 q2 q1 q2 q2

Byletting,A:(l+‘P1 +\P2‘1’) —ﬁ“( AL +A4¢) and € = ("2 equa-
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tion 4.2.50** reduces to Rj ;p = l_ﬁ_c.

Since A and B contain positive model parameters, Ra yp > 1, if and only if l_f‘;c > 1
or ]l —-B—C>A and A < B+ C. Therefore, HIV-HBV co-infection model has a unique
co-infection endemic equilibrium point E; if ad only if Ra yp > 1. Thus theorem 5 is
proved.

4.4.4 Existence of bifurcation and stability analysis of endemic equilibrium point

Epp

According to Hirsch, Smale, and Devaney (2013), bifurcation is defined as a shift in a sys-
tem’s structure or behavior that takes place at particular parameter values and can result
in several solution pathways as well as possible global adjustments to the dynamics of the
system. The study of bifurcation theory focuses on differential equations that rely on a
parameter. Pitchfork, transcritical, and saddle-node, hopf, backward bifurcations can all
occur in a system. All of these are examples of local bifurcations, which explain how the
bifurcation parameter affects the flow’s structure close to a fixed point. The phenomenon
of backward bifurcation, which has been observed in several disease models, is usually
characterized by the co-existence of a stable disease free equilibrium and a stable en-
demic equilibrium when the associated reproduction number, R of the model is less than
unity. Mathematical co-infection models with control interventions such as vaccination
and treatment often undergo bifurcation, which hampers the prevention and eradication of
communicable diseases as illustrated in the study by Brauer et al. (2019). In this case, we
use the center manifold theorem as used in the studies; Kotola, Teklu, and Abebaw (2023),
Gitonga (2017) to determine the stability of the co-infection endemic equilibrium point
and investigate the possibility of backward bifurcation. The following theorem 6 is stated.

Theorem 6. The HIV-HBYV co-infection model exhibits a backward bifurcation at Rg{ IS3 =1
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if the following prepositions are ascertained (Castillo-Chavez & Song, 2004).

1) The Jacobian of the model equations at the co-infection free equilibrium and bifurcation
parameter are J = D, f(0,0) = (% (0, O))

i1) The remaining eigenvalues of A are in the left-hand of the complex plane, and matrix J
has a real zero eigenvalue.

ii1) The characteristic equation of matrix J has the zero eigenvalue, which is related to the
right eigenvector, u and the left eigenvector, v.

iv) The bifurcation coefficients @ and b define the local dynamics of the model around the
stationary state of co-infection, which are defined as follows.

a=Yk i—j- vkuiuj%(0,0)

b=Yi i Vk”i%(oao)

where f; is the kth component of F.

In particular when

a) a >0 and b > 0, when f* < 0 with ||*|| < 1, then ( 0,0 ) is locally asymptotically
stable and there exists a positive unstable equilibrium and when 0 < * < 1, then (0,0)
is unstable and there exists a negative and locally asymptotically stable equilibrium.

b) a < 0 and b < 0, when f* < 0 with ||f*|| < 1, then ( 0,0 ) is unstable and when 0 <
B* < 1, then (0,0) is asymptotically stable and there exists a positive unstable equilibrium.
¢) a<0and b >0, when B* < 0 with ||3*|| < I, then ( 0,0 ) is unstable, there exists a
negative and locally asymptotically stable equilibrium and when 0 < B* < 1, then (0,0)
is stable and there exists a positive unstable equilibrium.

d)a > 0and b < 0, when B* changes from negative to positive, ( 0,0 ) changes its stability
from stable to unstable. Correspondingly a negative equilibrium becomes positive and

locally asymptotically stable.
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According to the study by Akinyi, Mugisha, Manyonge, Ouma, and Maseno (2013), If
a > 0and b > 0, then a backward bifurcation occurs at * = 0.

Proof. The method involves making the following simplifications and change of variables
for the full model as follows;

S =y1,Iu = y2,A = y3,1p = ya,Iup = ys,Ice = Ye,Iuce = y7, 18 = y8, Tup = y9,V =
¥10, Ve = y11 and R = yi2 such that N = y; +y2 +y3 +y4 +y5 + Y6+ y7+yg + Yo +yio+
Y11 +y12

Further by vector notation ¥ = {y1,y2,y3, 4,5, ¥6:¥7:Y8:Y9,Y10,Y11,¥12}" for which we

rewrite the system 4.2.1 to 4.2.12 with the change of variables as % = F(Y) where
F={f1,12f3,fa, 5, fo: 7, fs> fo, f10, fi1, fi2} | written as follows
dy

I =fi=0st— (M ++A+u)yi+0y2

dy2 A A

W=f2= O +Myr+(1—&)oyo— (As+u+(1—¢€)Dgy)y>
d

S == (e)Dayr— (81 + )3

dys, .

E—f4—927f+12y1—(ﬂ+7ts+a+T+WDB)Y4

d
%:f5=(1—p)7r+/13y1+(yz+V)/l4+7Lsy4—(¢+}/+u)y5
d

%:J%: WDgys— (1L +32) Y6

d

== fr= 15— (u+8)ys

d

= f =ty (Ut S+ (1-€2) 9)s

d

2= fo=9ys— (u+8+(1-8)0)y

d

%wa:@sﬂ—(quFM)yw

d

% = fi1 = 04w +TAy10— (L +VvA4) y11

dyp .

——==fn=ays+(1-&)pys— (®+u)yn (4.2.51)

dt
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with

A — Bi (2 +M1y5+12y7+M3y3+M4Y9)
1= N

b

where > m>m3>m > 1,

1 — B2 (ya+x1Ye+X2ys+ X374+ Xays+X5Y9)
2= N

2

where 1 > 20 > x3 2 x4 = 1,

2

A = 33(%*‘{'1137*%”), where, ¥; > ¥, > 1

Ay — Ba(ya+A1ys+A2y7+A3y3+Asyo+Asyi1)
4 — N ’

where A; > Ay > A3 > A4 > As and

Ae — Bs (ya+ Y15+ oys+Y3y7+Lays+Tsy9)
5= N

where Y1 > 1, >T3>T4>YTsandI'<landv <1
We choose B* = B as the bifurcation parameter since it has a significant effect on the

transmission dynamics and by making f3, the subject in (4.2.28) at ng y = 1, we have

By =pB* = p(u+6)(a+u+yDp)
7T95 (U+02+x1¥Ds)

Evaluating the Jacobian of (4.2.51) at Eg, 5 and the bifurcation parameter * we obtain

gy, (B2 =B")
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W —F, SF5 Fy —Fs SF16 —F5 —Fy —Fy 000 o
0 Fyp Fs 0 Fs 0 B 0 Fy 0 0 0
0 FB —-F3 O 0 0 0 0 0 0 O 0
0 0 0 R, Fs F, Fy Fy Fy 0 0 0

0 Fsp Fs3 0 Fss 0 Fs7 0 Fs9 0 Fs1 O

- (4.2.52)

o 0 0 0 ¢ O O 0O —Fg O 0 0

el

—Fioo —Fio3 0 —Fios 0 —Fio7 0 —Fioo —U

o
=]

(e

Fili, Fus 0 Fis 0 Fiz 0 Fp 0 —-u O

0 0 0 o 0 0 0 Fiog 0 0 0 —Fie

where;
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Fiy =yB1, iy = Y\ Bins, Fiy = Y1 B2, Fis = y1Bax1, Fis = ¥1Baxa

Fs =Y (Bs+Bim+B> 1), Fi7 =} (Bima+ B 23+ B W)

Fiy =) (Bima + B3 x5+ B3¥2)

Foo =B — 1 —Du (1 — &), Fo3 = y)Bin3, Fos =Y} Bimi, Far = y{Bim2
Fy=0(1—&)+))Bim

Fyo=Dy(1—¢€),F3=u+8,Fy =B — (a+u+1+wDp)—Bs
Fis =y1B5 12, Fis =B 11

Fi7 = 1B 23, Fis = ¥1B5 X4, Fiy = Y} B> X5, Fso = v, Fs3 = vPaAs

Fss =y1B3+vBaA1 — (Y+ 1 +9), Fs7 = v + Y] B3 ¥

Fso = vBaAg +Y}B3 P2, Fs11 = vBsAs

Fso =+, Frr=u+8,Fg=p+8+0(1-&),Fg=u+d+0o(l-&)
Fio2 =y B1, Fios = 0T Bi1m3, Fios = y3oTBimi, Fior = 0T Bim2

Fio9 = yoT B M4

Fiiz = YTB1, Fiiz = Y0 Bins, Fiis = U Bimi, Fiiz = Y} Bima

Fi1o = Y}T'Bim4,

Figs=(1—&)¢,Fpn=0+u1

Using mathematica software, we determined the eigenvalues of the Jacobian matrix 4.2.52
as
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n=n=—lzz=—(0+M1),z10=0

z=—0(Bi+u+Du(l—e))

zs =Y BimDu (1—&)+ (B —u—Du(1—¢)) (L+8)

26 =Y1Bs — (0t +p+ 7+ yDp) — Ps

77 = — (VBaFs — FyvaA3) FoFs + (F5Fo + F4Fo) (vBaFs — F4F17)

Zg = — ((vBaFs — F3vBaA3) FoFg — (FsFy + F4Fyo) (vBaF 6 — F4F17))
(WDpFi3 + Fi 1 F)

Zy = —Y ((FavPal3 — vPuaFs) FoFy + (F5Fy + FaFio) (vBal; — FaFig)) —
((vBaFs — FyvPaA3) FoFs — (FsFy + FyF1g) (VBaF 6 — FyFy7)) Foy

211 = — (Y((vBaFs — FyvBul3) FyFy — (FsFy + FyFio) (vB4Fy — FyF1g)))
+ ((vBaFs — FyvPaz) FoFs — (F5Fo + F4Fo) (vVBaF6 — FyFi7)) F2q)
((vBaFs — FyvPaAz) FoFs — (FsFo + FuF1o) (vBaF 6 — F4F17))

(TF1*3 ((vﬁ4F5 — F4vﬁ4A3) FoFg — (F5F9 + F4F10) (VB4F6 — F4F17)) l//DBFl*S)
— (WDpFY3 + Fi 1 Fyo) (TFs + Fi1 F22)

212 = QY5 (vBaFs — FavPaAz) FoFy — (FsFo + FyFio) (vBaF7 — FaFig))
((vBaFs — FyvPalz) FoFg — (FsFy + FaFyo) (vBaFs — FaF9)) —
(v((vBaFs — FyvPaiz) FoFy — (F5Fo + FyFio) (vBaF7 — FyFig)))

+ ((vBaFs — FavBal3) FoFs — (FsFo + FyFio) (vBaFs — FuFi17)) a1

(0F (vBaFs — FyvBal3) FoFy — (FsFy + FyFyo) (vBaFg — F4Fy9))) +

((vBaFs5 — F4vPBuA3) FoFs — (FsFy + FuF10) (VBaF 6 — F4Fi7)) Fo3

The Jacobian matrix 4.2.52 has a simple zero eigenvalue, z19. Thus, the concept of center

manifold theorem by Carr (2012) is applied to investigate the possibility of bifurcation for
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the full model near 8, = B*. The corresponding left and the right eigenvectors to the zero
eigenvalue of the Jacobian matrix were obtained as follows;

We let the right eigenvector defined as a column vector by

u= [ul,uz,u3,u4,us,u6,u7,ug,ug,ulo,un,ulz]T satisfying JE,%B'” =0

Solving for Uup,un,u3,u4,uUs,uUq, U7, U8, U9, U110, U1 and ujp we obtain

SﬁIFIO <F8F21¢_7F7_F6F21 )

Y(F4Fio+F5F)
uy =
U
FyF 9—YF—F4F FF
SBinsFy < 87’%}’41’10;1’51’;)21) _ %Lﬁ . QUS _ F3F21¢u5
u u u YFa3 1

_ (F8F21 ¢ — YF7 — FoFa )

ur = Fo us,
Y (FaFio + F5Fy)

- <F8F21¢ — YF — FF) )

uz = ke 55
Y (F3Fi0+ F5Fy)
P
up = —Uus
Y
_ho,
YF3
0 FsFo1 9 —vF7—FgF. F
_ v FﬁlFlO( 87%11"4F10J:F5F§)21> VOFBIT“% VOFﬁlnz
u u u
0 19
FyF10 — YF; — FyF VETBina—r-
VOrg,msFy [ 23 210 — YF7 — Fl us - L
Y(FsFi0+ F5Fy) U

us =us > 0,u7 =ug =ug =ujg=uy; =0.

Similarly, the left eigenvector given as a row vector associated with the zero eigenvalue at
B> = B* is denoted by

Vv = [V1,V2,V3,V4,V5,V6,V7,V8,V9,V10, V11, V12]

and satisfies the equation v-J E0, = 0 with values

vi=0,v,=0,vg = (%)

v3 = — ((vs (WO F5F19F>1 Fag + YUF5Fi1gFo3Fos + UWFsF17F2 FozFag — WO FyF19F 1 Fas)) —
YUEsFi8Fo3Fas — WFaF17F21 FazFos — WO FsFa1 Fas Vv Pa)

v1 = (vs (—uFsFi3F23 (FioFas + FoFas) + (FsFo + FiuFio) (— (9 Fio + F17F23) Fa7+
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Fig (F3Fog + 0 F3))) + ((FsFo + F4F10) VI By
(F23 (—M1F27 + FagM2) + ¢ (Fago — FagMa) ) A3 + FagFa3 (Fo (—FosVIBima+
Fo7 (W +VIBiN3) Az + Fio (WF27 + VI By (F27 — Faama) A3))) vBa+
OFs (YFi8 (FioF2 + FoFas) — (Fo (—FosVIBima + Fa7 (L + VI Bin3) +

Y(=FasVIBima + Far (L4 VIBim3)) Az + Fio (WF27 + VI By (Fa7 — N2F24) A3)) vB4) +
Fr (u(9F19 + Fi7F23) (FioFoa + FoFas) — Fo (9 Fag (U + VI Bim3) + Fo3 (—FasVIBimy
+F6 (L +VIBiN3)) — 9F2sVIBina) Az

+F10 (U (F23Fas + @ Fag) + VI 1 (F2z (Fag — Faami) + ¢ (Fag — F24m2)) A3)) VB4))) /
(W (9 FasFar (FioFas + FoFas) + Fo3 (—YF7 (FioF 24 + FoFs) — FoFy (FioFa+
FoFys )

+ (FsFy + FyFro) (Fa1Fa6 + YF27) + @ (FsFy + FuF1o) Fa1 Fag))
. (=Fi0F24=FoF)s) (ﬁ*%) (—rPiFly =Rt (FasFy +0F3))

F+
127 (—9Fag Py +(YF7 +FFa1)F23) (FloFaa+FoFas ) — (FsFo+FaF10) (YFa3Fag+Fa 1 (Fa3Fag+9F2g) )

~ -

vg = —%m

vo = (vs (UF19 (—YF7 (FioF24 + FoFas) — FgFa1 (FioFa4 + FoFas))

+ (F5Fy + FaF10) (F21F26 + YF27)) —

w (FsFy + FyFio) (YFis + Fi7F21) Fag + (WF0 (YF7 + FeFa1) Fas + ((FsFo + FaFi0) VI
(=Fog (MF21 + M) + (Fa1Fag + ¥F27) Ma) + YF; (Fas (FioVIBr + Fo (L +VIBim3)) —
(FioF24 + FoFps) VI Bina) + Felar (Fag (FioVIBr + Fo (L + VI Bins)) — (FioFas+
FyFs)VIBina)) vBa+

Fg (—u (YFi8 + F17F21) (FioFaa + FoFas) + (Fo (Fa1 (= FasVIBin + Fog (W +VIBin3) +

Y(=FsVIBin:

+F7 (W +VIBiN3)) Az + Fio (U (Fa1Fae + YF27) + VI By (Fa1 (Fae — MiFaa) + Y(F27—
N(2F24))A3))vBs))) /

(L (9 FasFa1 (FioFas + FoFas) + Fo3 (—YF7 (FioF 24 + FoFas) — FFy (FioFas + FoFas) +

(FsFy + F3Fi0) (Fa1Fag + YFa7) + ¢ (FsFy + F4Fio) F21Fg))
(~FioFas—Fobas) (F8+%> (vl —Far (Pt +973) )

—0F)gF | +(YFy+FgFa1 ) Fa3 ) (FloFag +FoFs ) —(FsFo+FuF10)) (YFa3Fag +F2 1 (FazFag +9Fag))

Fi5+ (

— V4 3
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vB4As

vip = <(¢F8F21 — (YF7 + FsF21) Faz) vsxaFo — vaFy +vsv By + vsVOT B,/

(1 (9 FagF21 (FioF24 + FoFas) + Foz (—YF7 (F10F24 + FyFas) — FoF (FioFas+
FyFs)

+ (FsFy + FaFy0) (F21Fa6 + YF27) + ¢ (FsFo + FaFio) F21 Fag))

iy — FiyFo P+ T F g + oo WDBEFs ;
2 FoyaDg N

vg=v4>0andvs =v5 >0
According to the theorem, the bifurcation coefficients a and b were computed as follows;
_vyI2 92 fi
4= YyZijmt ViU g

92 92 92 92
= V5u4uswﬁs +Vsusue (;x55§6 = VsUs <u4 ax4§§5 +ug (QXS(J)CiG) = vsus (usfsY1)

and

b=Y:2,, Vkui%({fg* = V4M5% = vaus (By)x2)

since v4 > 0,v5 > 0 and us > 0, it follows that a > 0 and » > 0 which conforms to condition
(a).

According to theorem 6 , it follows that (0,0) is locally asymptotically stable and there
exists a positive unstable equilibrium and when 0 < B* < 1, then ( 0,0 ) is unstable and
there exists a negative and locally asymptotically stable equilibrium. Hence, in the co-

infection model, there is a backward bifurcation phenomena because a stable co-infection

free equilibrium point co-exist with a stable co-infection endemic equilibrium point.
4.5 Numerical Simulation of Deterministic Co-infection Model

In this section, we use secondary data from the literature to demonstrate the numerical so-
lution of the deterministic co-infection model. We show the dynamics of each population
with time with respect to clinical and non-clinical control interventions. The determinis-

tic model is solved by the fourth-order Runge-Kutta method implemented in MATLAB
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(R2017a) with ode45 solver . This ode45 solver has an inbuilt numerical scheme, Runge-
Kutta method.

The formula is implemented in Matlab for the deterministic and optimal control problem
as given in appendix A and B. The Matlab codes for the co-infection are found in appendix
A. The initial conditions in table 4.1 are chosen based on HIV/AIDS and HBV prevalence
data in Sub-Saharan Africa, because it bears one of the highest burdens of HIV and viral
Hepatitis according to Mohareb et al. (2021) and World Health Organization (2017). The

table 4.1. below lists the estimated values of the parameters and initial conditions.

Table 4.1
Parameter values and initial conditions

Parameter Nominal Value/Range Source

N 1,257,334,259 https://
www.worlddata

.info/africa

S 1,131,600,833 https://
WWww.ncbi.nlm

.nih.gov

b 4.18-37.1% (2021) https://
www.worlddata

.info/africa

u 13.1% https://
www.worlddata
.info/africa/

niger
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Parameter

Nominal Value/Range

Source

01

Iy

Vu

Ip

1.62%-0.7114 (2022)

0.28%-15%
2.84 per 100 persons/yr

42%

10.5%

2-24 weeks

39.0 Million

29.8 Million

2/3 of people with HIV

1 Billion people (2017)

1.704 Billion (2019)

80 million

https://www.who
.int/news—room/

fact—-sheet
WHO (2019)
Jia et al. (2022)

National Institutes of

Health (2022)
WHO (2019)

https://

www . hepb.org
WHO (2022)

UNAIDS (2022),
https://

WWw.unaids.org

Martins et al. (2015)

https://

www.hepb.org

https://

www.hepb.org

Feigin et al. (2021)
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https://www.unaids.org
https://www.unaids.org
https://www.hepb.org
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https://www.hepb.org

Parameter Nominal Value/Range Source

Iyp 2.7 Million (1%) WHO (2019),
https://
www.who.int/
fact—-sheets/
hepatitis-—

Iycs 8 —10% of Iyp Leumi et al. (2020)

Tp 6.6 Million (22%) WHO (2019)

Tup 12 —25% of Iyp NIH (2020)

R 1.5336 Billion (90%) https://
www.hepb.org

M 9.0% Goliber (2002)

A3 7.4-10% WHO (2019), Thio
(2009)

A 3.2-7.5% Global Hepatitis report
2022 (n.d.)

A4 10% World Health Organi-
zation (2022)

As 5-10% Okocha,  Oguejiofor,
Odenigbo, Okonkwo,
and Asomugha (2012)

[0} 2-24 weeks https://
www.hepb.org

B3 10% CDC, 2021
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Parameter

Nominal Value/Range

Source

B

Dy

03

&

5-10%

20-25%

17%

0.0257-0.0347

8%

2.3-5

0.00008249

94-98%

22%

10-18%

60-80%

Hyams (1995)

Bodsworth, Cooper,

and Donovan (1991)
Hutin et al. (2018)

Nagelkerke et  al.
(2009), Han, Lou,
Ruan, and Shao (2008)

Mohareb and Kim
(2021) & Kim (2020)

Chen, Xiao, et al.
(2014), https://

WWw.lapac.org

De Boer et al. (2001),
Whalley et al. (2001)

World Health Orga-
nization and others
(2020), Gastanaduy et
al. (2019)

K. Allen et al. (2015)

Feldstein et al. (2017),
CDC (2022)

Koethe et al. (2020)
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Parameter Nominal Value/Range Source

& 72-96% Hadziyannis, Pap-
atheodoridis, Dimou,
Laras, and Papaioannou
(2000)

Ba 5-20% Singh et al. (2017)

B2 0.1-20% Inoue and Tanaka
(2016) &  Tanaka
(2016)

p 0.7t0 11.6% Landes et al. (2008)

0, 85-90% Frigati et al. (2020)

6, 5.8-6% Razavi-Shearer et al.
(2018)

64 15-45% https://www.who
.int/hepatitis/
publications/
global
—hepatitis

(o] 80.7% Pappoe, Hagan, Obiri-

Yeboah, and Nsiah
(2019)

Source: Researcher (2025)

4.5.1 Local sensitivity analysis of model parameters

As evidenced by Siriprapaiwan, Moore, and Koonprasert (2018), Chitnis et al. (2008), and

Samsuzzoha, Singh, and Lucy (2013), sensitivity analysis is useful because it assists in

identifying the parameter (s) that is the most useful in moderating the intensity of the in-
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fection. More than that, to realize how one should counteract the virus and cases, those
aspects that influence the epidemic must be described. To achieve this, the incorporated
data set is fitted to the model to estimate the basic reproduction number and the strength
number. The specific method that is applied for quantification is the forward normalized
sensitivity. The forward normalized sensitivity indices are calculated by the direct method
of partial differentiation of Ry with regard to the focal parameter as in the following equa-
tion

R, _ORo 0

Ay’ = — X — 4.2.
0 30 XRO (4.2.53)

where 0 is the model parameter. The direct method gives the analytical expressions for
each model parameter but then evaluated numerically using the estimated values in table
4.1. In addition to the direct method, Chitnis et al. (2008) proposed a method that linearized
the model equations at the co-infection free equilibrium point and solves for the sensitivity
indices of the resulting algebraic equations. The direct and Chitnis Method are used for
local sensitivity analysis while Latin Hypercube Sampling method used in the study by

Wang, Liu, and Liu (2016) is used for global uncertainties of the model parameters.
4.5.2 Local sensitivity analysis of basic reproduction and strength number

The sensitivity indices of basic reproduction determined using NGM, Ry, survival func-
tion, Ry ¢ and strength number A( are computed numerically from the expression 4.2.53 as

tabulated in table 4.2. These indices are compared for each of the parameter.
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Table 4.2
Normalized Sensitivity Indices for Model Parameters Ry n,Ro s and Ay

Parameter Normalized Sensitivity Indices
o M & ORs 0 Ry O
00 Ag 00 R07S 00 Rg

B3 1.000000 1.000000 0.000000
Y -0.458365 -0.187763 0.000000
u -1.121696 -1.281300 0.000000
T 1.000000 1.000000 1.000000
0s 1.000000 0.834363 1.000000
() -0.324675 -0.132999 0.000000
Bi 0.000000 0.232247 0.000000
a 0.000000 -0.292162 -0.821046
T 0.000000 -0.031352 0.000000
Dp 0.000000 -0.000002 0.216701
Dy 0.000000 -0.060016 0.000000
r 0.000000 0.165637 0.000000
63 0.000000 0.165637 0.000000
v 0.000000 -0.014218 0.000000
B 0.000000 0.357892 1.000000
[on 0.000000 -0.014218 0.000000
As 0.000000 -0.000006 0.000000
€ 0.000000 0.238750 0.000000
X1 0.000000 0.000000 0.300481
14 0.000000 0.000000 0.216701
& 0.000000 0.000000 -0.007228

Note. Sensitivity indices are the normalized derivative (rates of change) of model outputs (Ao, Ros, Rg_ N)
with respect to parameter change. Potential sensitivity is indicated by the values and is proportional
Source: Researcher (2025)

From table 4.2 above, it is observed that the co-infection contact rate 33, recruitment rate
7 and proportion of susceptible 05 have positive sensitivity indices while progression rate,
natural death and treatment have negative sensitivity indices. It is also observed that HIV
transmission rate, HIV-HBV transmission rate, birth rate, proportion of susceptible births,
progression rate of vaccinated Hep B to HIV, proportion of births vaccinated with Hep B,
Hepatitis B transmission rate and HIV ART efficacy have yielded highest sensitivity in-
dices while acute hepatitis B recovery rate due to natural immunity, screening rate, Hep B
saturation function, HIV saturation function, AHB to CHB progression rate in co-infected

individuals, treatment rate of Hepatitis B infection, the proportion of HIV-positive indi-
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viduals vaccinated against Hep B, the progression rate of Hep B-vaccinated individuals
with HIV to HIV-HBYV co-infected individuals, and the transmission rate of HIV-infected
individuals becoming co-infected all have lower sensitivity indices.

The local sensitivity analyses of Ag and R s above clearly show that the indices vary from
-1to 1, with regard to each model parameter included in their explicit expressions. More-
over, the parameters with negative indices relate to the basic reproduction number, R
inversely while positive sensitivity indices are directly proportional. Positive sensitivity
scores suggest that R ; has a significant effect on the model parameters. Therefore, chang-
ing the value of the parameter while keeping the value of the other factors the same will
result in changes in the Ry ;. On the other hand, an increase or decrease in Ry s has a neg-
ative significance, according to negative sensitivity indices. In other words, changes in the
parameter’s value will cause changes in the R ; even if the values of the other parameters
don’t change. Thus, to reduce the infection spread, these parameters have to be monitored

and controlled.
4.5.3 Latin hypercube sampling

Latin hypercube sampling (LHS) is a stratified form of Monte Carlo sampling without re-
placement introduced by Mc kay and others in 1979 (Ali, Means, Ho, & Heffernan, 2021).
It is meant to provide samples of model input to examine the sensitivity of the effect of

their input on their model outputs through the PRCC examination. To create the probabil-

LHS follows the procedure below using an f(X). The domain of each parameter is par-
titioned into N mutually exclusive unequal probability intervals with probability 1/N. At
each interval one value is picked up in a random manner based on the probability density
within the interval. The N values of X; are found and are randomly paired with the N
values of X;. The N pairs are then joined with N of X3 making up N triplets and so on
until a set of N p-tuples are made. In this way, (N!p) possible sets of combinations of
intervals forming Latin hypercube sample exist which are assembled in a N X p matrix.

The mathematical model is then simulated looping through the N parameter suites.

126



4.5.4 Partial rank correlation coefficient (PRCC)

The Partial rank correlation coefficient (PRCC) method is a sampling based sensitivity
analysis technique to compute the rank correlation coefficients of the model inputs and
outputs that are partials. In case of two variables, X; (Input variable) and Y (Output vari-

able), a normal correlation coefficient is calculated as given below:

X, ¥) = V(;?(\;E})(\fa)r(Y)

with Cov(Xi,Y) being the covariance of Xi and Y, Var (Xi) and Var (Y) the respective
variances of X; and Y; and and the sample means of X and Y respectively. The correlation
coefficient is known as Pearson correlation coefficient (PCC). When the data are rank-
transformed, the outcome is referred to as a rank correlation coefficient. LHS-PRCC can
be used to make an important decision on reality, as well as significance of unknown pa-
rameters of interest in contributing towards the outputs of a given model (Ali et al., 2021).
Description of the PRCC approach can be traced in various publications (Ali et al., 2021),
(Gomero, 2012). The relative importance of the input parameters to the basic reproduction
number, is shown in Figure 4.2 below. Meanwhile, the most influential parameters of lo-

cally applied interventions into the problem of co-infection control are determined. Table

4.3 below shows PRCC results for Ry s;
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Figure 4.2

Relative significance of Normalized indices of Ao and Ry s
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Table 4.3

Maodel Parameters

Source: Researcher (2025)

Partial Rank Correlation Coefficients (PRCC) for R s Sensitivity Analysis

Parameter PRCC [95% CI] Influence Effect
u —0.9374+£0.0439 Very strong Decreases
T 0.82494+0.0439 Very strong Increases
Bi 0.59334+0.0439 Very strong Increases
r 0.4580+0.0439 Strong Increases
Dy —0.27314+0.0439 Moderate Decreases
05 0.273040.0439 Moderate Increases
B> 0.2440£0.0439 Moderate Increases
B3 0.24294+0.0439 Moderate Increases
€ 0.2054 £0.0439 Moderate Increases
As —0.15064+0.0439 Weak Decreases
63 0.14524+0.0439 Weak Increases
a —0.135740.0439 Weak Decreases
v —0.1049+£0.0439 Weak Decreases
Y —0.0902 +0.0439 Weak Decreases
() —0.0796 +0.0439 Weak Decreases
T —0.0794 +0.0439 Weak Decreases
Ba —0.05754+0.0439 Weak Decreases
Dg —0.04314+£0.0439 Weak Decreases
72 —0.0078 £0.0439 Weak Decreases

Source: Researcher (2025)
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4.5.5 Numerical computation of basic and control reproduction numbers

Substituting for the parameters into equations 4.2.27, 4.2.28, 4.2.29, 4.2.30 and 4.2.31, we
therefore get the following numerical values for the reproduction number;

Rl =0.0000775277, R 5, = 0.000422663, R = 0.000107824, RE. = 0.000404564 , Ry 5 =
0.011031 and R/}, = 1.00999 —2.93127 x 10~

It is evident from these values that Ry < 1,Rfy < 1,R¢ < 1,R¢ < 1and Ros < 1. Itis
also worth noting that Ry s > R{){ v:Ros > RgN,RQS > R and Ry s > RE. However, Rg v
and Rg is more than that of HIV case. Subsequently,

Rg B yields a complex number, whose magnitude is computed as follows;

IRIN| = \/(1.00999)2 +(=2.93127 x 10-6)* = 1.00999 > 1

4.6 Numerical Simulations of Deterministic Population Dynamics

The deterministic co-infection model is numerically simulated in this section and is il-
lustrated in the accompanying graphics. Considerations are made to assess the impact of
both clinical and non-clinical control interventions on population dynamics. The initial
conditions and parameter values in table 4.1 are used to simulate the model to predict the
dynamics of co-infected populations. The ordinary differential equations in section 3.3.4
are coded in MATLAB (R2017a) as shown in appendix A and the corresponding numerical

results are plotted.
4.6.1 Effect of varying natural immunity, o

Natural immunity also known as innate immunity, describes the body’s general defensive
systems against pathogens. Natural immunity is essential for the early response to the HBV
in the event of an infection, prior to the emergence of adaptive immunity. The impact of
varying natural immunity to the dynamics of co-infected populations is demonstrated in

Figure 4.3. The values of o at interval of twenty percent are considered.
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Figure 4.3

Effect of natural immunity
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Source: Researcher (2025)

In Figure 4.3, initially the number of each co-infected case Iyp, Iy.p, Typ increases in the
absence of natural immunity. The increasing trend is attributed to comprised immunity
to protect the host against the illness. On reaching maximum point, the number of co-
infected cases starts to decline and becomes constant afterwards. On increasing the rate
of natural immunity, the number of co-infected individuals Igp,Iycp, Typ reduces with
increase in rate of natural immunity. Increasing the natural immunity by 20% decreases

the co-infection by at least 40% for each of the co-infected populations.
4.6.2 Effect of viral load on infection progression

HIV viral load, which is quantitatively defined by the amount of HIV RNA per millilitre of
blood, is the amount of HIV RNA in blood. A high viral load indicates a high level of viral
replication, indicating ongoing infection. Monitoring HIV viral load is crucial for HIV
management and assessing the effectiveness of antiviral therapy. A continuous significant

viral load is associated with faster progression to AIDS, as it indicates decreased immunity
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and higher chances of opportunistic infections. Treatment aims to reduce viral load to
an undetectable level, which is often fewer than 20 to 50 copies /ml. CD4 T-cell count
is another crucial marker of HIV infection. HIV viral load is commonly reported on a
logarithmic scale, but it is more manageable and easier to interpret. The HIV viral load

saturation function is expressed by;

Dy =1log, VL (4.2.54)

in which V7 denotes the viral load in copies/ml. However, one must understand that this
logarithmic transformation is a common practice in virology and clinical laboratories in
order to simplify data interpretation and analysis. The logarithmic scale simplifies the
expression of viral load changes and the efficacy of treatment. Traditionally, the definition
of a high HIV viral load is greater than 100,000 copies/ml of blood but it could be one
million or more. The virus causes infection and the reproduction of the virus occurs with
the progression of the disease. A HIV viral load that can be measured is considered to be
less than 10,000 copies per milliliter of blood (Matthews, Geretti, Goulder, & Klenerman,
2014). The measurement of the HBV in the blood helps to determine the amount of virus
activity and when to start treating chronic hepatitis B. Antivirals aid in lowering the HBV’s
rate of replication and thus decrease the viral load in the liver so that the disease does not

progress. This saturation function of the viral-load, V , of Hepatitis B is represented by

Vv

=— 4.2.55
[+V ( )

Dp(V)

where [ is the antigen needed to stimulate half-maximally. Less than 1cp/ml of the hep-
atitis B surface antigen (HBsAg) is considered negative, whereas more than Scp/ml is
considered positive (Ciupe, Ribeiro, Nelson, & Perelson, 2007). The HBV viral load lies
between O to 1 billion according to Ribeiro et al. (2020), which can be classed as harmless
and highly infectious. Substituting for Dy into equation (4.2.2) and (4.2.3), and solving
numerically, we obtain figure 4.4 which shows the effect of HIV viral load on progression

Iy to A at different values of V; and Dy.
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Figure 4.4
Effect of HIV viral load on co-infection
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In Figure 4.4 above, at zero Dy, the number of AIDS infective reduces exponentially. This
implies that there is no transition of HIV infective to AIDS population. At this instant, the
progression rate of Iy to A is zero. Increasing HIV viral load by a multiple of 10, and Dy
increasing by 1, the number of AIDS infective increases. This means that there are more
HIV infected individuals, /Iy moving to AIDS stage. Thus, a higher HIV progression rate.
This trend continues for higher viral loads and the population tends to remain constant over
time for each case. The increment of I is because during the acute stage, Iy, the viral load
increases significantly characterized by a surge in viral replication as the virus multiplies
within host cells, particularly CD4 + T cells. If the immune system cannot successfully
stop the virus from replicating over time, then the HIV viral load will eventually start
to rise once more. As the virus continues to multiply, the CD4 count, which is crucial
for the immune system, declines steadily. A person is diagnosed with AIDS when their
CD4+ T cell count falls below 200 copies/ml. The graph indicates a noticeable increase in
viral load once more, which is followed by a slow decrease in CD4+ T cell count and the

eventual development of AIDS. This is why Iy changes to A. Similarly, substituting for
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Dp into (4.2.9), (4.2.10) respectively, the effect of HBV viral load on Ip progression to /.5

1s demonstrated as follows

Figure 4.5
Effect of HBV viral load
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In Figure 4.5, the chronic Hepatitis B infected population declines at zero viral load while
the population increases accordingly with increase in HBV viral load or HBV progression
rate Dp. The reduction in the population with chronic hepatitis B at zero viral load is due
to the effective antiviral therapy that inhibits viral multiplication, enhances liver function,
and lowers the risk of transmission. On the other hand, a growth in the population with
chronic hepatitis B is linked to greater viral loads and a faster course of the infection.
This emphasizes the need of early screening, identification, close monitoring, and efficient

antiviral treatments in the management of CHB
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Figure 4.6
Effect of HIV and HBV viral load
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Figure 4.6 outlines the impact of changes of viral load HIV and HBV on dynamic of co-
infection. At zero HIV and HBV viral load, Dy = Dp = 0, the population of HIV-HBV
co-infected individuals increases rapidly for the first two years. On attaining the maximum
value of 10 x 107, it starts to drop and continues to decline tending towards constant.
Similarly, the population of treated co-infected individuals shows an upward trajectory.
The chronic hepatitis B co-infected population increases slowly and for the first six years
and then becomes constant afterwards at zero Dy and Dp. The population behaves in the

same manner on increasing HIV viral loads, Dy by 1 and HBV viral load, Dp by 20% .
4.6.3 Effect of vertical transmission

This is the passing on of an infectious agent from an infected mother to her unborn child
throughout her pregnancy or delivery, and breastfeeding. Vertical transmission is one of
the ways that HIV and HBV can spread through which children become co-infected with
both virus types from mothers who are chronically infected with either of the two viruses.

The impact of vertical transmission is illustrated in Figure 4.7 below.
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Figure 4.7

Effect of varying p on co-infection
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Figure 4.7 illustrates the dynamics of co-infected individuals on varying the proportion of
HIV-HBV births, p. At p =0, (1 — p)n = 7, so the whole recruitment goes to Iyp and p
is the co-infected births, therefore, the population of co-infected HIV-HBV increases for
the first two years and then decreases before tending to become constant. The treated co-
infected population, 7Ty increases steadily and chronic hepatitis co-infected population,
Iycp increases progressively and then shows a decreasing trend afterwards at p = 0. On
increasing the proportion of co-infected births by 20%, the number of co-infected individ-

uals decreases.

4.6.4 Effect of varying HIV infection rate on the dynamics of HIV and HBV co-

infection

Figure 4.8 below demonstrates the effect of varying the rate of HIV co-infection, 34 at an
interval 20% on the dynamics of HIV-HBV population for a period of ten years, on the

assumption that HBV co-infection rate, 35 is kept constant.
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Figure 4.8

Variation of HIV infection rate, By at constant HBV infection rate, Ps
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Similarly, Figure 4.9 illustrates the effect of varying HBV co-infection rate, 85 at a interval
of 30% on the population dynamics while maintaining the rate of HIV co-infection, 34

constant during a ten year time span.

Figure 4.9
Variation of HIV infection rate, By at constant HBV infection rate, s
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From Figure 4.8 and 4.9 above, it is observed that the population of Iy decreases with
increase in HIV infection rate, B4 after two years. The shift of HIV-positive individuals
to the AIDS class and HIV-HBV co-infected compartment is a contributing factor to these
declining rates. As the HIV infection rate rises, B4, the population of co-infected individu-
als with HIV and HBV, Iyp also rises. For each value of HIV infection rate, the population
of Iyp increases rapidly and on reaching the maximum value, the rate of change starts de-
creasing tending towards a constant level. This dynamic is as a result of high recruitment of
HIV infective and constant supply of HBV infections into HIV-HBV co-infected compart-
ment. Thus, a high percentage of co-infected individuals are sourced from HIV infections.
The population of HBV infected individuals increases steadily and reaches the peak and
then decreases for all values of HIV infection rate, B4, at constant HBV infection rates,
Bs. Similarly, the dynamics of the infectious populations at varying HBV infection rate at
constant HIV infection rate follow the same trend and explanation as for the variation in
HIV infection rate.

In the presence of both co-infection rates, 4, Bs and absence of control strategies, the
dynamics of the co-infection is shown in figure 4.10. HIV co-infection rate, 4 and HBV

co-infection rate, 35 are varied at a interval of 20%.
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Figure 4.10
Variation of both B4 and Bs on HIV-HBYV co-infection
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With the same and distinct values of HBV and HIV infection rates, the population of

individuals infected with acute hepatitis B, Ip decreases exponentially, but decreases slowly
with equal values of HBV and HBV infection rates after reaching the maximum point.
Similarly the HIV individuals, Iy slightly increases and flatten faster for different and
equal values of HIV and HBV infection rates. As a result, for various HIV and HBV
infection rates, the number of co-infected individuals rises. This increase is the result of
new HIV and HBV infections among the population that is co-infected. The population
reaches the peak, and then decreases before stabilizing at a constant level, as a result of
a balance between new co-infections and individuals transiting the co-infected state. This
state of balance is brought about by the persistence of chronic hepatitis B and HIV infective

progressing to AIDS.
4.6.5 Impact of clinical strategies on HIV-HBV co-infection

The impact of clinical control strategies on the dynamics of HIV-HBV co-infection is

demonstrated graphically in the following sub-sections.
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4.6.5.1 Effect of treatment and drug efficacy

The effect of treatment and vaccination on the dynamics of HIV-HBV co-infection is

demonstrated in Figure 4.11.

Figure 4.11
Variation of treatment rates and HBV efficacy
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In Figure 4.11 above, we find that as HBV medication efficiency, &, rises, the rate of 7p
rises progressively at constant ¢ and 7. On reaching the peak the rate becomes zero and
starts to decrease exponentially before becoming constant. Similarly, the rate of change
of Typ, follows the same trend but convergence to constant is faster than the case in 7p.
However at 95% efficacy, the rate of Typ grows gradually and tends towards constant
rates. These dynamics can be explained by the expectation that treatment reduces viral
loads, decreases transmission rates, and assists in co-infected persons’ HBV management.
The positive impact of HBV antiviral treatment on individuals with acute Hepatitis B in-
fluences the increase in the number of treated individuals. Treatment can suppress HBV
replication, leading to a decrease in viral load and transmission. The continuous growth
before reaching a constant level suggests ongoing treatment initiation for new co-infected
cases, followed by a stabilization of the treated population. The steady increase in treated
co-infected individuals with HIV and HBYV, Ty, is contributed by ongoing transmission
and new HIV cases, while the constant rate suggests a balance between new co-infections
and individuals recovering from acute HBV infection.

Figure 4.12 shows the effect of varying the treatment rate, ¢ at constant HBV drug efficacy,
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Figure 4.12
Effect of varying treatment rate at constant drug efficacy

s Effect of varying treatment rate at constant efficacy
A 1 I I I [ | | I I

Population of co-infected individuals

Time ;r.‘_:em
Source: Researcher (2025)

As seen in Figure 4.12, the population of 7 initially shows a rise followed by a decline

at constant HBV efficacy of 95% and different treatment rates. The initial rise in the
treated population is due to the effectiveness of treatment interventions, while the decline
in treatment effectiveness over time causes the observed trend. In addition, this trend is
influenced by factors such as treatment effectiveness, availability, and adherence to treat-
ment regimens. Variations in these factors across different settings and populations can
result in distinct patterns of population dynamics. On the other hand, the population of
Typ increases gradually with increasing treatment rates and stabilizes afterwards. These

dynamics indicate the management of HBV infection in co-infected individuals.
4.6.5.2 Variation of HBV birth dose vaccination

Vaccination strategy targets the proportion of births vaccinated with HBV vaccine, V and
HIV positive births given HBV vaccine, Vy. Figure 4.13 illustrates the variation of birth

dose Hepatitis B vaccination on the dynamics of mono-infection and co-infection.
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Figure 4.13
Variation of HBV-BD vaccination
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It is shown in Figure 4.13 that in the absence of Hepatitis B vaccination at birth, the
proportion of births in Ip,ly and Iyp increases leading to an equivalent rise in cases of
co-infection. As a result, the number of people who have received vaccinations against
Hepatitis B declines with time. This decline differs for different proportions but remains
constant at 60%. As the birth dose vaccination is increased, the proportions of births to
Ip, Iy and Iyp decreases while the population of vaccinated HBV infected increases at a
slower rate. While the population of vaccinated HIV positive individuals increases as the
proportions of HBV birth dose vaccination is increased. This increment is due to short-
coming of HBV vaccine efficiency as well as lack of HIV vaccination. The HBV vaccine

wanes with time and the HBV vaccinated births become infected with HIV.
4.6.6 Effect of non-clinical strategies on HIV-HBYV co-infection

Infection rate, B influences HIV and HBV transmission, which is related to non-clinical
interventions such as mass campaigns geared towards reducing sexual contact, sexual part-
ners, use of condom/protection, abstinence, media or health campaigns or sensitization

programs among others.
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Figure 4.14
Effect of infection rate, 3
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Figure 4.14 shows the effect of infection rate on dynamics of mono infection and co-
infection. The number of Iy increases for five years and then tends to decrease with time.
In the absence of sexual contact between susceptible and HIV infectious individuals, new
cases of infection cannot occur. The existing HIV-infected individuals, /g will continue to
live with the virus, but the overall prevalence will not increase. Similarly, the population
of HBV-infected individuals, /g decreases exponentially. No increase is expected because
there is no transmission, so the infection remains constant. The existing cases persist, but
new infections cannot occur without any sexual interaction between vulnerable and HBV-
positive people. The number of individuals infected with chronic hepatitis B increases
slowly and after two years it reaches a constant state. The initial cases of acute hepatitis B
progress to chronic stage. For co-infection, initially the number of co-infected individuals
increases drastically and later becomes constant. This is because there are no new cases
of HIV-HBV co-infection. The co-infection prevalence will not rise since those who are

already co-infected remain in this state.
4.6.7 Effect of clinical and non-clinical control interventions on HIV-HBYV co-infection

Figure 4.15 below shows the effect of both clinical and nonclinical control measures on

the dynamics of HIV-HBYV co-infection for a period of six years.
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Figure 4.15
Combined effect of clinical and non-clinical strategies
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From Figure 4.15, it is observed that the number of hepatitis B vaccinated population
infected with HIV,Vy increases steadily with time. The number of people living with
HIV/AIDS, Iy rises gradually and then stays the same. The HBV vaccinated population,
V remains constant throughout with constant birth dose vaccination, and the proportion of
individuals born with HIV increases steadily. The number of people infected with acute
hepatitis B, Ip declines quickly before becoming stable. The number of HIV-HBV co-
infected individuals, Iyp increases drastically for a short duration and becomes constant
after some time.

The number of treated co-infected individuals, 7y are absorbed into an infection free
state and remain entirely in this state. This point out that hepatitis B treatment can manage
the co-infected individuals. Clinical strategies like ART and antiviral therapy reduce viral
loads, leading to a decrease in HIV and HBV infected individuals. Non-clinical strategies
like condom use, abstinence, health education and vaccination programs contribute to re-
ducing new infections. The combined effect of these strategies results in decline in HIV,

HBYV, and co-infection prevalence with time.
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4.7 Optimal Control Model Results

This section illustrates the effect of with and without control interventions on the dynamics
of co-infected classes.The percentage reduction of the co-infected population is computed

in each case.
4.7.1 Optimal control model framework

This model is obtained from the deterministic model as described in section 3.5. The op-
timal control model with controls variables uy,u;,u3,us and us is as shown in Figure 4.16
below. u; represents the prevention control which targets the susceptible population from
becoming infected with HIV, HBV and HIV-HBV co-infection. u; stands for the treat-
ment control that targets the HBV infected and HIV-HBV co-infected individuals seeking
HBYV and combined antivirals. The viral load control, u3 targets the Hiv infected patients
and individuals infected with HBV at acute stage. This control intervention regulates the
movement of patients from acute to chronic stage with the help of antiviral medication.
uy denotes the HBV vaccination control, which protects the infants from HIV and HBV
infection at the birth or during delivery. The recovery control, us assesses the efficiency of

HIV and HBV drug usage by the treated population.
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Figure 4.16
Optimal control co-infection model of HIV-HBV with control set U
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The following set of non-linear ordinary differential equations with control parameters

governs the optimal control model
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© = 6sm (1~ (0)) O + 4o+ 23) + ]S + OR (.0
H

st — 0+ (1= (1) S + (1 — &) 6Tz
—(M+pu+(1—us(t)) (1 —&)Du)ln (4.2)
‘;—? =(1—u3(t)) (1 —&)Dyly — (61 +1)A (4.3)
d% (1= )+ (1= (1)) AsS + [(1 — w1 (6)) Tt + Vi) A
+ (L —u(2)) Aslp — [(1 —u2(1)) ¢ + (L —u3(t)) Y+ 1] Iup (4.4)
THE (111915 — (4 5+ (1~ €2) 0) T @5)
UL (1 s (0)) Yo — (1 +84) v (436)
‘;—‘: — (1 us(r) 637 — (u + TV (4.6)
‘% — (1 — ua(t)) 647+ TV — (1 +vAg) Vi @7)
T — o+ (11 (1) Ao — [+ (1 1) As 0+ (1~ () 7
+ (1 —u3(t)) yDplp 4.8)
‘Zf — (1= u3(t)) yDsls — (1 + ) g (4.9)
T8 — (1~ un(0)) ol — (-85 (1 —2) 9) T 4.10)
I — a4 (1~ us(0)) (1 —2) 95— (@ + )R (4.11)

Subject to initial conditions;

So =S5(0),1r0 = Iu(0),A9 = A(0),Iupo = IuB(0), Tupo = Tug(0),

Inego = Iuc(0), Vo = V(0),Vio = V(0),1p0 = 15(0), 1cp0 = 1c8(0),

Tgo = Tp(0),Ry = R(0)

To study the optimal levels of the controls, the control set U is Lebesgue measurable and

it is defined as

U= {ul(t);uz(t);u3(t);u4(t);u5(t) 0<u1 <1;0<u, <1;0<u3 < 1;0<uy < 1

O§u5<1;0§t§tf}
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4.7.2 Analysis of optimal control model

It is challenging to effectively control both infections in the population since model 1 expe-
rienced a backward bifurcation. In known structures of disease dynamics, a phenomenon
referred to as backward bifurcation emerges where there is coexistence of both a stable en-
demic and stable disease free equilibrium though the fundamental reproduction number Ry
is strikingly less than 1. Such observation makes the supposition that minimizing Ry to 1 a
major goal usually used to achieve disease eradication problematic as it seems to automat-
ically straddle out the disease. Rather, the slow process of the lower Ry equilibrium may
serve to actually keep the infection going long past theoretical eradication level (Wangari,
Davis, & Stone, 2016). In order to determine the best interventions for the management
of the co-infection, the goal of this section is to integrate model (1) with time-dependent
controls.

In this section, Pontryagin’s Maximum Principle (PMP) is utilized to analyze the optimal
control system that was established in section 4.3 and solved numerically using MATLAB.
In order to identify the essential conditions to suggest a potential optimal control for the
co-infection model, we use PMP in this case. The core objective of this part is to de-
termine an optimal HIV-HBV co-infection prevention and control measures at the lowest
implementation cost. To estimate the optimal states and controls, we seek to maximize
the number of R,V, T, Typ,Vy and minimize the number of Iy, A, Iyp,Iy.p,Ip to concur-
rently lower the costs related to implementing each measure in place. Five controls are
introduced, and the model (1) takes on the following form. In order to determine the best
course of action, we incorporate time-dependent controls in the co-infection. HIV-HBV
co-infection is controlled and decreased in a community by increasing the percentage of
uninfected individuals and decreasing the number of infected and co-infected individuals.

So we utilize a quadratic objective function in line with the literature by Aghdaoui et al.
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(2021); Seidu, Makinde, et al. (2014) and Gao and Huang (2018) given in the form:

lf
J(ur,uz,u3,u4,us) = min / LIy + LA+ L3lyg + LaTyp + Lslycp
(M17M27M3,M4,M5) 0
+ LeVy + Lylg + Lgl g+ LoTp (4.12)
1 5
+ 5 Z Cll/tlz dt
i—1

where Ly,L,,L3,L4,Ls5,Le,L7,Lg,L9,L19,L11,L12 and C; are positive constants with i =
I,...... 5 and the term %Zéj C,-u% denotes the cost function associated with each of the
controls. The objective function J (4.12) for the end time 7 means the definite integral
comprising of the states contributing to infections in proportions and corresponding costs.
Finding the best control, uj,u5,u3,uy, us, is our goal.

J(u]k,uﬁ,uﬁ,uj,ugk) = min {J (uT,u§,u§,uz,u§) |y, up, u3,us,us € U}

where U = {(u*{,u;,u;,uj“,u;)} is the control set such that u},u5,u3,uy,uy are Lebesgue

measurable with O < u*, up*, uz*, ug*,us*x < 1fort € [O,tf}.
4.7.3 The Hamiltonian and optimality system

By PMP, the necessary optimality condition is established using Lagrangian and Hamil-
tonian polynomials by Pontryagin (1987) and Lenhart and Workman (2007) as defined

below;

L (I4,A, 1B, Tup, I, Vi g, Ics, Tp)
=Lilyg + LA + L3lyp + L4Typ + Lslycp
+ LeVy + Lylg + Lgl g+ LoTp 4.13)
1L o, 1 5 1 5
+ EClul + ECzuz + §C3I/l3

1 1
+ §C4l/£% + ECSle%

and the corresponding Hamiltonian H is given by;
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H(IH,A7IHB,THB,IHCB,VH,IB7ICB,TB,l/ll,uz,l/l3,l/l4,u5,
P\, Py, P3, Py, Ps, P, Py, 3, Py)

= X(IH,A,IHB,THB,IHCB,VH,IB,ICB,TB,M],MZ,M3,M4,M5)

—P —P —P P
+— 1(f)+dt 5 (t) + o 5 (1) + = 4(t)
dly.p dVy dlp
P: —P —P5(t
r 5(2) It 6 (2) + 7t 7 (t)
dl.p dTp
Ps(t —Py(t
+ 7 % (1) + 7 o (1)

where Py, P>, P53, Py, Ps, Ps, P7, Pg, Py are the adjoint variables that will be determined. Using

the normal control arguments with the limits on the controls, we write as follows:

(

®; if0O<d <1
=140 ifd; <0
1 ifd >1
P, if0<d, <1
=40 ifd,<0

1 ifd, > 1
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Py ifO<d3<1
U3 =90 ifd;<0
1 ifdy>1
Dy fO<Py<1
uy=140 ifd,; <0
1 ifdy>1
D5 if0< Ps<1
us=140  ifds<0

1 ifds>1

The compactly defined control set U = (u’[, Uy, Uz, Uy, u§) is therefore Lebesgue integrable
on the interval O to ¢y, where 7y is the fixed time period to which the controls are applied.

We further assume that

Wi (1) = max [0, min (1,®)]
5(t) = max [0, min (1,)]
(1) = max [0, min (1,®3)]
(1) = max [0, min (1,b4)]
(1) = max [0, min (1,Ds)]

Thus, the formed optimality system consists of the optimal control system (state system)
and the adjoint variable system by introducing the characterized control set, initial as well
as, transversality condition, Iy, A, Iyg, Tug, Iucs, Vi I, Ies, Tg Ai (tf) = 0,i=1,2,3,4,5,
11 (0) = Iy, 1n5(0) = Inp, Tup(0) = Tup, IncB(0) = Iuce, Vi (0) = Vi,

Icp(0) = Icp, Tp(0) = Tp

4.7.4 Uniqueness of the optimality system

The optimality system’s solutions are unique for the short time interval because of the
state’s prior boundedness, the adjoint functions, and the consequent Lipschitz structure

of the ordinary differential equations. By partially differentiating the Hamiltonian with
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regard to the state variables, the adjoint or co-state equations can be found through the use
of Pontryagin’s maximal principle. Therefore, we have
Pi(t) = = [2Baln + (1 —u3)(1 — &)Dy — (B1S — w1 p15)| Pi (1)
— (1 —us(t ))(1 —€)DyP, — (2Ig(1 —uy) +v)BaPs
+ (vﬁ4VH Fﬁlv)P6 — L
% (1) = = (BaAsly — (1 —u1) Bin3S) P + (81 + p) P2
—((1—uy ( ))IH +v)BaAsPs — (TB1m3V —vBaAsVy)Ps — Ly
5 (1) = =3 = (BaAily — (1 —wi) Bimi S)Py
— [(1=u1)B3S + ((1 — w1 )l 4 v) Bahs
(1—u2)¢+ (1 —uz)y+p)+ (1 —uy)BsY11p| Ps

¥

F

1 —uz) 9Py — (1 —uz(r))yPs

IBimV —vBaAiVu)Ps

(1 —ui (1)) Bax2S — (1 —u1)BsY1dp) P — L3

)= =2 — (1= u)BimaS+ (1 — £)0 — BeAal) P,
(1 —u1)B3 WS+ ((1 — i)l +v)BaAg + (1 —u1)BsYslp) Py

S

—(

—(

—(

—(

%4(

—(

+(M+6+(1-&)o) Py
— (TBin4V —vBaAsVi) Po

— (M= ur(2))BaxsS — (1 —u1)BsYslg) Py — Ly

5(

—(

(

—(

% (

+(

+(

5o

t) = aIHcB = —((I —u1)Bim2S — Baoly) Py

(1 —ur)Bs¥1S+ ((1 —ur) I +v)BaAg + (1 —u1) BsY3lp) P
+ (U +84) Ps — (TBimV —vBaAo Vi) Fo

(1- Ml)ﬁzmS (1—u1)BsY3lp) Pr—Ls

1) = = BaAAsPr — (1 —u1)ln +v) BaAsPs

H+ Vﬁ4 (IH + Alup + Aoluep + A3A + AyTup +2AsVy)) Ps

=

+(u+ (1 —ur)Bs(2ls + Y1lgp + Yolep + Yaluep + YaTp + Ys5Typ)
(a+ (1 —u3)yDp) P+ (1 —up)tP; — L
Pi(t) = —3% =—1—u1)Bs I+ Y1lup+ Yol + Y3lucp + YaTp+ YsTup) P3
—((L—=u1) BoS I+ x1lcB + X2Iup + X3 + X4 T + X5THB)) P71
— (1 —u3) yDpPs — (1 —up) TPy — Ly
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By(1) = =5 = — (1—w1) BsYalpPs — (1 — 1) BoxaS — (1 — ur) BsYalp) Py

+(U+6) Py —Lg

Py(t) = =58 = (u+ 8+ (1— &) @) Ry — (1 —uy) BsYalpPs —

(1 =u1) PoxaS — (1 —u1) BsYalp) Pr — Lo

with the transversality conditions;

Pi (1) = Pa(iy) = Py (1) = Pa(ty) = Ps (t7) = Ps (1) = Py (17) = P (1) = Po (1) =0
The optimality criteria are met since the Hamiltonian is minimized at the optimal con-
trols, 3—Z = 0. These optimality requirements can be applied to typical control arguments
using the bounds on the controls to generate formulas for u;. Following the method by
Pontryagin (1987) and Aghdaoui et al. (2021), for each i between 1 and 5, we solve the

equation g—f = 0 to find the controls. Using the optimality conditions, at

(g (1), un (1), uz (1), us(t),us(t)) = (u;(t),u5(t),u(t),u;(t),u%(r)) we have the following

model
oH
o Cruy — MSP;(t) — (A3S + Iy + Aslp) P3(t) — (A8 — Aslp) P (1) =0
g—z = Coup + OlypPs(t) — @lypPy(t) + TlgP; (t) — TIgPy(t) = 0
g_z = Csuz + (1 — &) Dl Py (t) — (1 — &) Dyl P (t) + YlupPs (1) —
YIupPs(t) + WwDplpP;(t) — WDplpPs(t) = 0
g—z = Cautg — 047Ps(t) =0

which gives

S MSP (Z‘) + (7(«3S—|-IH7L4 + ASIB)P3(Z‘> + (2,25— A,SIB)P7(Z‘)
1=

G

S ¢IHBP4(I) — ”L'IBP7<Z‘) + ‘L'IBPg(l‘) — ¢IHBP3(Z‘>

5=

8))

S (1 — SI)DHIsz(Z) — (1 — SI)DHIle (l) — ’}/IHBP3(I) -+ ’)/IHBPS(Z) —u3,

3 C3

. 947L'P6(l‘)
uy=——"-+=

Cy

us =0
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where u3, = —yDglpP; (l) + wDplpP (t)
4.8 Numerical Simulations With and Without the Controls

By constructing a MATLAB code, numerical solutions are presented to analyze the results
which also exhibits the nature of the solutions while considering the controls. In addition,
the control profiles for uy,us,u3,us and us are displayed graphically. The numerical so-
lution of the optimal system is performed using a fourth-order Runge-Kutta algorithm. A
fourth-order Runge-Kutta technique is used to solve the state ordinary differential equa-
tions 4.3.1 to 4.3.12 forward in time given the initial conditions for the states and an initial
estimate for the controls. Another fourth-order Runge-Kutta method is used to solve the
adjoint system backward in time, using the transversality criteria and the state equations
that are currently iterated in section 4.3. The two values used are state and adjoint val-
ues. The characterization is then used to update the controls and then the iteration process
continues. This procedure is repeated continuously until current state, adjoint and controls
have converged to the required level. Parameter values used for model simulations are

tabulated below

Table 4.4

Parameter Values for Optimal Control Model Simulation

Parameter Value Range Source

up ™ 0.79-0.87  Hatcher et al. (2015)

uy ™ 0.96 Lee, Amin, and Carr (2014)
uzg™ 0.6-0.8 Lecher et al. (2021)

uy™x 0.5 Amponsah-Dacosta (2021)
ug™ 0.8-0.9 Spearman et al. (2017)

Source: Researcher (2025)

All parameters represent maximum implementation rates for co-infection control interven-
tions. Value ranges indicate parameter sensitivity across studies.

The optimal control simulations is implemented in MATLAB to investigate the optimality
of the control variables. Utilizing various combinations of the controls, like using a single
control at a time, two controls at a time, three controls at a time, four controls at a time
and also all controls at a time, we analyze and compare numerical results from simulations

with the following scenarios.
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4.9 Implementation of Control Interventions at Optimal Levels

The impact of both clinical and non-clinical control measures at optimal levels are illus-

trated graphically in the following sections.
4.9.1 Impact of implementing prevention strategy, #; on HIV-HBV co-infection

Figure 4.17 display the dynamics of co-infected individuals with and without the imple-
mentation of prevention strategy u; for a period of fifty years. In this case we consider
u; # 0 but i the absence other control strategies, uy = u3 = uq = us = 0 in attempt to pre-
vent sexual contact and vertical transmission. Thus, we simulate the model by prevention

control intervention only.

Figure 4.17
Effect of using prevention control, u
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Figure 4.17 indicates the role of the prevention control, u; on the co-infected population
within fifty years. It is seen that the curve is in the increasing pattern that is exponential
at the beginning for five years and then saturates at the turning point with natural con-
straints. Without the introduction of prevention measures, co-infections spread incredibly
fast, which increases the co-infection burden for Ry > 1. Afterwards, the co-infected pop-

ulation decreases exponentially with time, approaching the co-infection free equilibrium
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point for Ry < 1. Under the controlled case, the curve lies lower than the baseline, with
its beginning steeply increasing at a slower rate. The peak level is delayed by the preven-
tion control until # = 10 years. Later the co-infected population reduces tending towards
co-infection free equilibrium point. At ¢ =5 years, the effectiveness of prevention control
is exhibited by 64.16% decrease, which may occur through a decrease in the transmission,
making the individuals less susceptible, more recovery, or the decreased progression of the
co-infection. The shape of the curve also shows the period in which one can expect the
greatest benefits as well as the cost-effectivity of the intervention. This is realized at t = 20
years. The graph offers information on the dynamics of the co-infection to enable the
planners in the field of public health to plan on the timing and magnitude of intervention.

When prevention measures are first introduced, there is a backlog due to existing infections
that are yet to be diagnosed or treated. This backlog combined with ongoing transmission
before the preventive measures take full effect, can lead to an initial increase in the num-
ber of infected individuals. However, as time progresses and prevention measures become
more effective, the number of affected people reduces as the rate of new infections de-
clines. Additionally, with effective campaigns and care for those infected, the mortality
rate among infected individuals decreases, contributing to a more stable or declining pop-
ulation of infected individuals over time. At a certain point, when prevention measures
reach their optimal level of effectiveness, the transmission rates of the infections stabilize.
This stabilization occurs when the rate of new infections is balanced by the rate of individ-
uals recovering from the infections or being effectively treated, leading to a steady-state
or constant population of infected individuals. In this case, the infected populations may
fluctuate around a relatively constant level, reflecting the equilibrium reached between new
infections and interventions that reduce transmission or improve health outcomes for those
infected. This suggests that the burden of co-infection and mono-infection is lessened with

optimal prevention.
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4.9.2 Impact of implementing the treatment strategy, #, on HIV-HBV co-infection

dynamics

Figure 4.18 exhibits the dynamics of co-infected population with and without the imple-
mentation of treatment intervention during twenty years. The treatment strategy, u; is

implemented when other strategies u; = u3 = uq = us =0.

Figure 4.18
Implementation of treatment strategy uy
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From Figure 4.18 above, the rate of change of co-infected population increases steadily
with time without the treatment control. This rise is due to high HIV and HBV infection
rate facilitating high susceptible population getting co-infected. As Igp grows, the force
of infection amplifies, accelerating new infections. in the absence of treatment , there is
no suppression of transmission as well progression. After three years, the rate of change
of the co-infected population reaches the maximum point. At this point the susceptible
population decline significantly, thereby reducing the new infections. Later the rate of

change decreases with time as it tends towards the infection free equilibrium point. This
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exponential decay is attributed by increase in the rate of screening and treatment rate, with
more co-infected individuals seeking diagnosis and treatment. Without the treatment con-
trol, the co-infected individuals die at a very high rate, high progression of HIV to AIDS,
acute HBV to chronic HBV and there is no transition to recovery stage. This behavior
necessitates introduction and the implementation of treatment strategy, u, .

When the treatment control is implemented, the rate of change of co-infected /5 p increases
initially for two years before reaching the peak at t = 2.5 years. As compared to peak
level when there is no treatment, the treatment response time is hastened by 50%. This is
followed by a decreasing trend of the co-infected /zp population with time. Afterwards,
the rate of change of the co-infected /g population stabilizes at the co-infection free state.
The impact of the treatment control u; is that it reduces the co-infection by 34.02% after

five years.

4.9.3 The impact of implementing viral load control, 3 on dynamics of HIV-HBV

co-infection

Figure 4.19 reveals the dynamics of the co-infected population, /g with and without the
implementation of viral load control strategy u3 in a span of twenty years. In this case, the
prevention control u1, treatment control u#,, vaccination control u4 and recovery control us
are absent. The implementation of the viral load control, u3 is considered which targets
the HIV, Iy and chronic HBV, I p classes. This strategy regulates the progression rate of

the transition of Iy to AIDS as well as I to I.p with and without the control.
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Figure 4.19
Impact of viral load control, u3
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Figure 4.19 shows the implementation of viral load control strategy only when u; =
uz,us = us = 0. The population of /p declines exponentially and after four years remain
in steady state. Iy and A population decreases slowly over time moving towards infec-
tion free state. This implies that the related mechanisms to viral load reduction such as
ART helps achieve viral suppression, delaying the progression of Iy to A or reducing the
chances of infection to others. This slows down the spread of HIV, lowering the death rate
among HIV-positive people and the quantity of new infections. Conversely, the population
of co-infected, Iyp and Iycp decreases and converges to the co-infection free state quickly.
Strategies to further decrease HIV viral load include early identification, timely ART ini-
tiation, adherence to treatment, support programs, prevention strategies, and addressing
stigma. Implementing condom use, PrEP, harm reduction programs, and targeted outreach
can further reduce HIV transmission and viral load. Addressing HIV-related stigma and

promoting comprehensive education can also contribute to viral load control efforts.
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4.9.4 Impact of implementing vaccination strategy, u,

When the vaccination control u4 is implemented figure 4.20 is obtained together with the

dynamics of co-infected population without the vaccination control for a period of twenty

years. In this case, the vaccination control, uy # 0 is taken into consideration while other

control strategies u; = up = u3z = 0.

Figure 4.20
Implementation of vaccination strategy, uy
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The number of vaccinated individuals, V and Vg increases continuously with time while

the population of co-infected Typ, Igp and Iy p increases marginally from the co-infection

free state and maintains constant trajectory afterwards. The gradual increase in vaccinated

individuals is due to increased awareness, integration of vaccination programs, improved

coverage and adherence, as well as initiatives for mother-to-child transmission prevention.
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4.9.5 Impact of implementing recovery or cure strategy, us

Figure 4.21 below demonstrates the dynamics of treated individuals when the recovery
control, us is implemented for a period of twenty years. The impact of the recovery control

us on treated individuals with and without the recovery control is compared.

Figure 4.21
Implementation of recovery control, us

106 Impact of recovery control, u, on T, Population Dynamics
141 . . . :
I 1 X5 | e b0t Cottcl |
sl Y 138685531098 = Wit Opttelu |
. Uy icreases TB by 26.70%
:__ ]_I:I - :':- E’ -
Ei Y 100462104942
T s
2
= 6r
2
[] 1 | | | | I 1 l |

0 2 4 6 8 10 12 14 16 18 20
Time (years)
Source: Researcher(2025)
In addition, figure 4.22 illustrates the dynamics of treated co-infected individuals when
the recovery control, us is implemented for a period of twenty years. The impact of the
recovery control us on treated co-infected individuals with and without the recovery control

is compared.
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Figure 4.22
Implementation of recovery control, us
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Figure 4.21 and 4.22 display the implementation of recovery control us when u; = upy =
u3z = uy = 0. The number of treated acute hep b individuals, 75 showed slight increase and
then steadily declines with the number of those who have recovered, R increases. Within
a four-year period, the number of co-infected persons Iyp and Typ gradually grows and
afterwards maintains constant rate over time. The population of co-infected individuals
with chronic hepatitis B, Iy increases with time.

Acute hepatitis B can be treated effectively by focusing on early diagnosis, supportive care,
antiviral therapy, regular monitoring and follow-up. This approach allows for a more fa-
vorable outcome and reduces the number of individuals requiring active medical treatment.
Early diagnosis, screening and treatment of 7p leads to a shorter duration of infection and
faster symptom resolution. An increase in R means that many individuals experience spon-
taneous recovery, allowing for a significant number of 7p to recover with natural immunity
and effective treatment. The duration of treatment is reduced, allowing Tp individuals to
complete their treatment course and no longer require active medical management. Thus,

the number of recovered individuals, R increases over time due to improved immune re-
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sponse, effective treatment, and the natural history of HBV.
4.9.6 Impact of implementing combined control strategies u,u,,u3,us and us

Figure 4.23 shows the impact of all the control strategies u,us,u3,us and us on the dy-
namics of co-infected population for a period of 10 years. Under this consideration, the
prevention control u;, treatment control u,, viral load control u3, vaccination control uy

and recovery control us are not equal to zero, that is u; # 0,uy # 0,u3 # 0,ug # 0,us # 0.

Figure 4.23
Implementation of combined control strategies, U = {uy,up,u3,uq,us}
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In Figure 4.23, we observe that the number of vulnerable people reduces exponentially
and attains steady state as a result of implementing prevention control, #. The treatment
control, u, ensures access to antiretroviral therapy by I, Iyp, leading to reduced transmis-
sion rates. The number of HIV-HBV co-infected individuals, Iyp increases steadily for
few months and starts decreasing after one year until five years when they attain steady
state where they remain over time. Similarly, the population of co-infected individuals
with chronic hepatitis B, Iy.p increases continuously for three years and later decline ap-
proaching steady state afterwards. In the same manner, the number of treated co-infected
individuals with chronic hepatitis B, Typ increases for four years and later stabilizes with
time.

Vaccinated individuals, V and Vg are targeted with vaccination control, u4 ensuring hepati-
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tis b vaccines at birth for susceptible infants and for those born with HIV. From the graph,
it is seen that the population of V and Vj increases continuously with time. The population
of Iy and Ip increases spontaneously with time for few months and decreases before being
absorbed to infection free state. Difference in convergence to steady state is noted as /I
convergences earlier than /. These infections are aimed with prevention control, u.

The population of AIDS infective, A and chronic hepatitis B infective, IcB are targeted
with viral load control strategy, u3. This approach results in lowering the number of peo-
ple infected with HIV and HBV and suppressing HIV and HBV viral loads, respectively.
Consequently, the population of A and Ic-p gradually grows for a short period of time be-
fore settling into a stable state. It is also observed that /.p attains infection free state faster
than A. This strategy also slows down infection progression and reduces mortality at the
same time reducing the AIDS population. Recovery control, us targets population of 7p
and R. By implementation of this strategy, it is clear that 75 and R numbers rise for approx-
imately four years and then maintains stabilization state over time. This strategy enhances
the immune response to acute hepatitis B infection, leading to increased viral clearance

and recovery.

4.10 Stochastic Model Results

This section demonstrate the stochastic model results.

4.10.1 Determination of transition probabilities, drift and diffusion coefficients

We symbolize the population in the states in each compartment by vector X and denote the
potential change of X during the time At by AX, where vector

X ={S,1y,A, Is, Tug, Ines, V, Vi 1, 1.5, Tg, R} and

AX ={AS,Aly,AA, Alyp, ATyp,Alycp, AV, AVH,AIB,AICB,ATB,AR}T be n-dimensional stochas-
tic vectors. The possible changes or transitions from the deterministic model in figure 1

and their corresponding probabilities in a small time-interval Ar are computed as shown in

the table 4.5 below.
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Table 4.5
Transition Probabilities

Possible change of state Vector Representation Probability

AX, (1,0,0,0,0,0,0,0,0,0,0,0)" P, = 657At

AX> (1,0,0,0,0,0,0,0,0,0,0,—1)7 P, = @RAt

AX3 (-1,0,0,0,0,0,0,0,0,0,0,0,0)" Py = uSAt

AXy (-1,1,0,0,0,0,0,0,0,0,0,0)7 Py = A;SAt

AX; (—=1,0,0,0,0,0,0,0,1,0,0,0)7 Ps = A,SAt

AXs (—1,0,0,1,0,0,0,0,0,0,0,0) Ps = A35A¢

AX; (0,1,0,0,0,0,0,0,0,0,0,0)” = 0, TTAt

AXg (0,1,0,0,—1,0,0,0,0,0,0,0)7 Py =(1—&)cTypAt
AXog (0, 1,1,000000000)T Py = (1 — &) DylyAt
AX1g (0, 1,0,0,0,0,0,0,0,0,0,0)" Pyg = ulyAt
AX11 (0,0,—1,0,0,0,0,0,0,0,0,0)" P;; = §;AAt
AXio (0,0,—1,0,0,0,0,0,0,0,0,0)" P, = uAAr
AX13 (000,1,0000 —1,0,0,0)7  Pi3 = AslpAt
AX14 (0,0,0,1,0,0,0,0,0,0,0,0)"  Pyy=(1—p)mAt
AXis (0,0,0,1,0,0,0,—1,0,0,0,0)" Pj5s = vAVyAt
AXig (0,0,0,—1,0,0,0,0,0,0,0,0)" Pjg = ulypAt
AXy7 (0,0,0,—1,1,0,0,0,0,0,0,0)" P = ¢pIypAt
AXig (0,0,0,—1,0,1,0,0,0,0,0,0)" Pig = yIypAt
AXi9 (0,0,0,0,—1,0,0,0,0,0,0,0)”  Pjg = uTypAt
AXo (0,0,0,0,—1,0,0,0,0,0,0,0)" Py = 83 TypAt
AXy) (0,0,0,0,0,—1,0,0,0,0,0,0)" Py = uly.pAt
AX>) (0,0,0,0,0,—1,0,0,0,0,0)T Py = 841y pAt
AXp3 (0,0,0,0,0,0,1,0,0,0,0,0)7  P3 = 837A:
AXp4 (0,0,0,0,0,0,—1,0,0,0,0,0)7 Py = uVAt
AX>s (0,0,0,0,0,0, 1,1,0,0,0, )T Ps = AV As
AXog (0,0,0,0,0,0,0,1,0,0,0,0)7  Pyg = O47At
AX>7 (0,0,0,0,0,0,0, — 10000)T Py; = uVgAt
AXog (000000000,1,0, )T Py = 6,mA
AXo (0,0,0,0,0,0,0,070, 1,1,0)7  Pyy = yDplpAt
AX3 (0,0,0,0,0,0,0,0 1,0)T Py = tlgAt

AX3 (0,0,0,0,0,0,0,0, 1 0,0,1)T  P3; = alpAt
AX3; (0,0,0,0,0,0,0,0,—1 0 0,0)7 Py = ulpAt
AX33 (0,0,0,0,0,0,0,0,0, — ,O)T P33 = ul At
AX34 (0,0,0,0,0,0,0,0,0,—1,0,0)" P34 = 8I.pAt
AXzs (0000000000 1,7 Pys=(1—g)@TpAt
AX6 (0,0,0,0,0,0,0,0,0,0,0,—1,0)7 P35 = uTpAt
AX37 (0,0,0,0,0,0,0,0,0,0,—1,0)7  P3; = 8TpAt
AXsg (0,0,0,0,0,0,0,0,0,0,0,—1)7  Pyg = uRAt

164



The related events to the changes in the state variables are described in table 4.6

Table 4.6
Description of event of possible change of states

Change of state variable Event description

AXq Birth of a susceptible

AX> Recovered becomes re-infected with HBV

AX3 Susceptible dies a natural death

AXy Susceptible becomes infected with HIV

AXs Susceptible becomes infected with HBV

AXe Susceptible becomes co-infected with HIV-HBV

AX7 Birth of infected HIV infants

AXg Treated Co-infected persons becomes infected with HIV
AXg HIV infected persons progress to AIDS class

AXio HIV infected dies natural death

AX|q AIDS infected persons dies due to HIV infection

AXio AIDS infected person dies naturally

AXi3 AHB infected person becomes co-infected

AX14 Birth of co-infected infants

AXis HIV positive-vaccinated with Hep B becomes co-infected
AXig HIV-HBV co-infected person dies natural death

AX17 Co-infected seeks Hep B treatment

AXig Co-infected becomes chronically infected with Hep B
AXio Treated co-infected person dies natural death

AX>g Treated co-infected person dies due to effects of Hep B treatment
AXp HIV-CHB co-infected person dies naturally

AX>y HIV-CHB co-infected person dies due to co-infection
AX>3 Birth of susceptible infants vaccinated with Hep B vaccine
AXo4 HIV positive -vaccinated with Hep B vaccine dies natural death
AX>ps Hep B vaccinated person becomes infected with HIV
AXpg HIV positive births vaccinated with Hep B vaccine

AX>7 HIV-positive with Hep B vaccine dies natural death

AX>g Births infected with Hep B

AX>9 Hep B infected person progresses to CHB

AXs AHB infected person seeks treatment

AX3 AHB infected recovers by natural immunity

AXzy AHB infected person dies natural death

AX33 CHB infected person dies natural death

AX3y CHB infected person dies due to Hep B infection

AX3s Hep B treated person recovers

AX36 Treated Hep B infected person dies natural death

AX37 Treated Hep B person dies due to treatment effects

AX3g Death of recovered individuals

165



The expectation matrix, E(AX), and the covariance matrix, Cov = E [AX (AX)"] are com-

puted in order to formulate the SDEs as follows:

38
E(AX) =Y PAX;
=1

1=

— PIAX| + PyAXy 4+ PyAXs + PyAX, + PsAXs -+ PsAXg + PyAXy + PsAXs+
PoAXg + P1oAX10 + P11AX11 + PioAXi2 + Pi3AX13 + PiaAXia + PisAXy s+
Pi6AXi6 + P17AX17 + PisAXis + Pi9AX19 + PyAXo + Po1AX21 + PoAXop+
Py3AXr4 + PrsAXps + PreAXoe + Pr7AXp7 + PagAXog + ProAXog + P3pAX30+
P31AX31 + P3pAX3p+

P33AX33 + P3uAX34 + P3sAX35 + Py AX3e + P37AX37 + P3gX3g (4.4.1)

substituting for LAX; and
AX = {AS,AIH,AA,AIHB,ATHB,AIHCB,AV,AVH,AIB,AICB,ATB,AR}T into equation 4.4 1we

have

—_—
—
|
—_—
|
—

E(AX) = 6smAt + WRAt + USAt + A1 SAt
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+ ulgpAt

+ 83THpAt

+vAsVy At

+ uTypAt

+ (1 —p)mAt

+ YlupAt

lsIBAl‘

¢IHBAZ‘
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+ uVAt

+ 63 TAL

+ 04l cpAt
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—+ ‘LLIBAZ

+ algAt
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I,UDBI AL
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+8;TpAt + LRA?

o O o o o o o o o o
o o o o o o o o o o o

I
[

o
|
—_

Equation (4.4.2) simplifies to

05T+ OR— uS — A4S — 1S —A38
MS+60ir—(1—¢&)oTyp— (1 —€) Dy — uly
(1—&1) Dyly — pA — 81A

Aslp+ (1 — p)w+vAsVy — wlgp — Olup — Ylup

Olyp — UThp — 83Tys

YInp — W — OalHcB

Ozt —uvV —TrAV
04T — UV —vAsVy
MS+ 0, — alg — ulg — Aslg — wDglp
wDglp — plcp — &2lcp
tlp— (1 —&) @Ts — uT — 873
olg+ (1—&)@Tg— @R — uUR

similarly, the covariance is also computed as

E [AX(AX)T] = ¥, PAX (AX)T
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0 0
0 0
0 0
0 0
0 0
0 T 0 T
+8;TpAt (AX37)" + URAt (AX3g)" (4.4.4)
0 0
0 0
0 0
0 0
-1 0
0 —1
Simplifying (4.4.4) yields
S -8 0 0 0 0 0 0 0 0 0 —WR
—MS f2 fi2 0 fi3 0 0 0 fia 0 0 0
0 fis 0 0 0 0 0 0 0 0 0
0 0 0 Ja fie Sz fis 0 fio 0 0 0
0 fo 0 —@lup fs 0 0 0 0 0 0 0
0 0 0 — 0 0 0 0 0 0 0
E[AX(AX)T] = o o At
0 0 0 —vAVw O fis f5 O 0 0 0o 0
0 0 0 0 0 -TA4V TAV  fgs 0 0 0 0
*k]S*l}S 0 0 *1513 0 0 0 0 fs *WDBIB —1lp —alp
0 0 0 0 0 0 0 0 —yDglp fo 0 0
0 0 0 0 0 0 0 0 —1lp 0 fio  fiine
—WR 0 0 0 0 0 0 0 —alp 0 fi2nnr fu
4.4.5)
where;

fi1 = 65T+ OR+ uS+ A S+ 1S + 138
foo=AMS+ 917Z+(1 —82) GTHB—I—[.LIH—i—(l —81)DH]H
f3=(1—¢&) Dl + 61A+ A

f4 = Aslpg+ (1 — p)w+vA4Vy + lup + Olup + Ylus
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fs=(1—&)0Tup+ ¢lyp+ uTup+ 83Tup

fo = Ylup + Wlycp + 6alpc

f1=vMVy+ 6t T4V

fB=MS+ 35+ 61+ Aslp+ 6w+ yDplp+ tlg + olp + Wip
fo=wDglg+ plep+ &lep

fio="1lp+ (1 —&)@Tp+uTp+ 6375
fit=oR+alg+ (1 —&) T+ UR

fiz=—(1—¢)Dulu

fis=—(1—-&)oTys

fla=—-MS—3S+6m

fis=—(1—&1)Duln

fi6 = —90lup, i1 = —VYlup, f1s = —vA4Vu, fio = —Asl,
foo=—(1—&)0Typ, fiirz = — (1 — &) ¢T3, fizn1 = — (1 — &) ¢T3,
f88 = 04Tt + UV, fr6 = UV +TAV

By dividing Az on both sides of equation (4.4.4) we get f(X(t),?) as

957T—|—0)R—‘US—2,15—)LQS—)L3S
(1 —Sl)DHIH —‘LLA— 61A
Olup — UThp — 03Ths

E(AX) Ylup — WHep — Oalpcn
0 — uv — Fl]V

94717 — /JVH — V),4VH

WDl — pl.p — 8lc

Tlp — (1 — 82) QDTB —[.LTB — 53TB

olg+ (1 —&) T — ®R— UR

and from equation (4.4.6) we obtain,
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-8 0

f2

Vi
0

Vsa
0

Va3

>

S o o o o o o o o

E [AX(AX)"]
At

0
0
0
fa
Vs
Ve
Va4
0

Vo4

0
Vas
0
Vas
/s

o o o o o o o

0
0
0
Vae
0
fe
Vie
Vze
0

0
0
0

Var
0
0

/7
Vg7

0 0 0 0 —wR

0 Va9 0 0 0

0 0 0 0 0

0 Vo 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
Vss 0 0 0 0

0 fs Voo —7lp —alp

0 Vie fo O 0

0 —tlp 0 fio Viun

0 —oalpg 0 Vi fu
“4.4.7)

Vas =— (1 —€)Duln,Vos = — (1 — &) 6Typ, Voo = — (LS + 1385 — 61 7),

V32=—(1—¢)Duly,Vas = —0Iup,Vac = —Vlup, Va7 = —vA4Vy,

Vag = —Aslp,Vsp = — (1 — &) 6Tup,Vsa = —@1Iup,Voa = —YIus,

Vg = —VA4VH,V76 =uv —|—1—7L1 V,Vgg = —FAIV, Vg7 = FAIV,

V88 = 04w+ uVy, Vo1 = — (MS+2A3S5) , Voo = 017, Vou = —Aslp,

Voi0 = —yDplp, V109 = —yDglp,Vi11o = — (1 — &) ¢Tp,

Vioii =—(1—&) ¢T3
=/V.

Thus, J(X(1),t)

4.10.2 Stochastic differential equations

Therefore, HIV-HBV deterministic co-infection model is converted to a stochastic model

to predict infection outcomes when uncertainties are incorporated in the transition rates.
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Incorporating these stochastic effects and applying equation 3.6.2 to the deterministic
model, the following system of non-linear SDEs are derived from the deterministic equa-

tions in section 4.2.2.
dS(t) = (st — (M +A+A3+u)S+ @wR)dt

+\/FL1dW (1) — /2 SdWs (1) — v ORAW; (1) (4.4.8)
dly(t) = (01 + 1S+ (1 — &) 0Typ — (A4 +p + (1 — &) Dyy) Iy ) dt
— /M SdWa (1) + \/frdWy(t) — /(1 — &) Dl dWs
— /(1 — &) 6TypdWs — /M S+ A3S — 6, TdWs5 (4.4.9)
dA(t) = (1 — &) Dyly — (8, + 1) A)dt — \/(1 — &) DylydWs + \/ f3dWs  (4.4.10)
dlgp(t) = (1 = p)T+ A3S +vA4Viy + Aaly + Aslp — (¢ + v+ 1) Iyp) dt

+/ f2dWo — \/SIpdWio — \/YIapdWi1 — \/ vAVirdWi — \/ AsIpdWi3

(4.4.11)
dTyp(t) = (Igg — (L + 8 + (1 — &) 0) Typ) dt
— /(1 — &) 6TypdWs — \/IpdWio + \/ fsdWi4 (4.4.12)
dIgs(t) = (YIug — (U + 84) Incp) dt — \/YIupdWi1 + / foedWis (4.4.13)
dV (1) = (031 — (W +TA)V)dt — \/vAVgdWy,
+ /Y + T VdWig+ / frdWi7 (4.4.14)
(4.15)
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dVi(t) = (047 +T AV — (U +vAg) Vi) dt — \/TA VdWig
+ VT VdWio+ /047 + 1V dWag (4.4.15)
dlg(t) = (6w + 28 — (U +As+ e+ T+ yDpg) Ip) dt
— VM S+ 138dWa 4+ /01 TdWny — \/ Aslgd W3 + V fedWas
—\/WDpIpdWay — \/TIgdWss — \/apdWag (4.4.16)
dlIp(t) = (WDplp — (1 + &) I.g) dt — \/ WDpIgdWay + / fodWa7 (4.4.17)
dTp(t) = (tlg — (L + 8+ (1 — &) @) T) dt — /TIpdW>s
+/fr0dWag — /(1 — &) @TpdWao (4.4.18)
dR(1) = (alz+ (1 — &) Tz — (© + )R) dt — vV wRAW3
—ValpdWag — /(1 — &) 9TpdWao + \/ f11d W30 (4.4.19)

where the terms

VIdWi(t), VA1 SdWs (t), vV ORAW; (1), /A SdW: (1), / FradWia(2),

V(1 =€) DylydWs(t), /(1 — &) 6 TupdWe(t), /1S + 23S — 6, tdW,
V(1 =€) DuldWs,/f3dWs, / FadWo, /@ TrsdWio, v/ YsdWi1,
VVAaVedWiy,\/AsIgd Wi, deﬁ, VOIpdWig,\/ fsdW4
VAIadWi1,\/ fedWis, VvAgVdWiz, /WV + T A VdWie, /FrdWi7,

VIV dWi5, VT VdWig, \/0sTt + WV dWag, VS + A35dWay, /01 dWay
VAsIpdWi3,+/ fsdWa3, /WDpIgdWas, /TlgdWas, /0llgdWa,

VlgdWas, \/fiodWas, /(1 — &) 9TdWao, v WRAW3,/alpdWas,
VUDBIpdWa4,\/FodWaz, /(1 — &) TgdWao, and v/F11dWsg

represent the stochastic components of the transitions between compartments. These stochas-

tic terms introduce randomness into the model, capturing the variability in the transmis-
sion, progression and recovery processes. The corresponding change in Wiener processes
are;

dWy,dW,,dW3,dWy,dWs,dWe,dW7,dWs,dWy,dW1o,dW11,dW12,dWi3,dW14,dW15, dWie,
dWy7,dW1g,dWi9,dWag,dWa1,dWao, dWa3,dWaa,dWss, dWoe,dWag, dWag, dW3g. This pro-

cesses represent random fluctuations over time which are independent of each other.
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4.10.3 Euler-Maruyama scheme

Based on SDEs from (4.4.8) to (4.4.19) and applying (3.6.3), the corresponding Euler-

Maruyama numerical scheme is given by;

S(t+At) =8(t)+ (05t — (A1 + A2+ A3+ 1) S+ wR) Ar + Sstoch (4.4.20)

where Sstoch = \/ﬁdwl — }LlSdWZ — vV ORdAW;

IH(I-I-AI) :IH(Z)-l—(QITC-I—AlS-I- (1 — 82) olyg — (14 + U+ (1 — 81)DH)IH)AI+IH stoch
4.4.21)
where

Igstoch = —/ A1 SdW> + \/]Tde4 — v/ (1 - 81)DHIHdW5 — 1/ (1 - 82) o TypdWsg
— \/2,154—7[,35'— 6, tdW,

A(t+Ar) =A(t) + ((1 — &) Dl — (81 + 1) A) At — /(1 — &)) DlrdWs + \/ f2dWg
(4.4.22)
Iyp(t+Ar) =Igp(t)+((1 — )T+ A3S +vA4Vy + Agly + Aslp — (¢ + v+ W) Iyp) At +Iypstoch
(4.4.23)

where
Igpstoch = \/]T4dW9 — 4/ ¢IHBdW1() — 4/ ’}/IHBdW11 — 4/ VA4VHdW12 — 1/ lSIBdWL?,

THB(I +AI) = THB(I) =+ (¢IHB — (,u + 53 -+ (1 — 82) G) THB) At + Typstoch (4424)
where

Typstoch = —/ (1 — 82) o0 TypdWe — /O IgpdWio + \/]T5dW14

IHcB(t +Al) = IHcB(t) + (YIHB —u-+ 64IHCB> At + Ig-gstoch (4.4.25)

where

Igcpstoch = —+/ ’]/IHBdWH + \/]T6dW15
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V(t+Ar)=V(t)+ (03w — (L +TA1)V)At 4 Vstoch
where
Vstoch = —/vA4VedWis +/uV +TAVdWie + /fdW17
Vi (t+At) = Vy(t)+ (64w +TAV — (U +vAg) Vi) At + VHstoch

where

Vi stoch = —I'AWVdW s+ VT AVdWi9+ /041 + UWVdWyg

Ip(t +At) = Ip(t) + (62 + A28 — (U + As + @+ T+ yDg) Ip) At + I stoch

where
Igstoch = — /M S+ A38dWy 1 + /0, TdWpy — \/ AsIgdWy3 + / fsdWa3
—\/WDpIpdWsq4 — \/TIpdWp5 — \/ 0tlpdW)g

ICB(I —|—AZ) = cB(l‘) + (WDBIB — (/.L + 52)ICB)AZ‘ + 1. stoch
where
I.p stoch = —\/wDglgdW>4 + \/ﬁdWy
Tp(t+At) =Tg(t)+ (tlp — (L + &3+ (1 — &) @) Tp) At + Tp stoch
where
Tpstoch = —/TlgdWs5 4/ f10dWag — \/ (1 — 82) OTpdW»o
R(t+At) =R(t)+ (alg+ (1 — &) oTg — (0 + 1)R) At + Rstoch

where

Rstoch = —v @RdW3 — v/ algdWrg — +/ (1 - 82) QOTpdWrg +/ f11dW3g

(4.4.26)

(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)

(4.4.31)

In simulating these SDEs, we apply the Euler-Maruyama method, which takes into account

the stochastic terms to approximate the system’s behavior over time. These simulations
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are helpful in studying the impact of stochasticity on co-infection dynamics and the uncer-
tainty associated with model predictions. The same parameter values given in table 4.1 are

used but the initial conditions are estimated for small populations.
4.10.4 Numerical simulation of SDEs

Both deterministic solution and sample paths of SDEs related to infectious classes Iy, A, Ip,
I.p,Iyp, and Iy p are demonstrated in figure 4.24 to 4.30. Individual trajectories for each
SDE are produced and compared to its deterministic trajectory. Three sample paths of the
SDE:s are obtained to illustrate the range of variability of infections. The sample paths fol-
low a property of the Wiener process that despite not being differentiable, the sample paths
are continuous. The discretizations of the SDEs using Euler-Maruyama are implemented
in MATLAB (R2017a). The MATLAB program for simulating SDEs is found in appendix
C.

Figure 4.24 below demonstrates the deterministic solution of Iy (¢) for a period of one
year together with three sample paths of Iy () for the same initial condition of Iy (¢), and

parameter values remain constant.

Figure 4.24

Deterministic and stochastic solution of Iy (t)

Deterministic and Sample paths of IH(f)
| | | [ | [ [

1

LE

Number of HIV infectives,

Source: Researcher (2025)
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From figure 4.24 above, it is observed that the sample paths oscillate around the determin-

istic solution. The random fluctuations are as a result of diffusion terms associated with

Wiener processes dW», dW4,dWs,dWg and dW;. The range of volatility is shown by sample

path 1 and 2. The variance between the deterministic and stochastic solution is close. Sam-

ple 3 shows the smallest variability in the infections while sample path 1 shows the highest

variability of infections. The data statistics for each of the solution path is summarized in

table 4.7 below;

Table 4.7

Data statistics for deterministic and sample paths of Iy (t)
Path Igin - IHmax Mean Range
S1 10 134 97.62 124
S2 10 123.8 8893 113.8
S3 10 119.7 93.63 109.7

Deterministic 10 118.2 91.27

108.2

Source: Researcher (2025)

Figure 4.25 shows the deterministic and stochastic solutions of A(¢) for a period of one

year.
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Figure 4.25
Deterministic and stochastic solution for A(t)

Deterministic and Sample paths of A(f)

I I | I I

A
i

Numberof AIDS infectives,

ma vears
1 vedd

Source: Researcher (2025)

In deterministic solution, the AIDS infective drops gradually following a smooth trajectory

assuming no random fluctuations over time. Because of regular ARV usage and initiatives

to lower the number of new infections, the viral load has decreased, resulting in this expo-

nential decay. Each of the sample paths of A(r) shows large variations from deterministic

trajectory due to changes in random shocks dWs and dWg. Sample path 2 shows the high-

est variability in infection outcomes while sample path 3 shows the lowest variations in

infection outcomes as summarized in table 4.8 below;

Table 4.8

Data statistics for deterministic and sample paths of A(t)
Path Amin  Amax Mean Range
S1 2,12 5.128 3.965 3.008
S2 1.347 5.539 2.815 4.291
S3 3442 5414 4345 1.972
Deterministic 2.437 5.006 3.57 2.57

Source: Researcher (2025)

Figure 4.26 illustrates the dynamics of /p(¢) over time in both deterministic and stochastic

188



perspectives. Three sample paths are considered for the stochastic case and data statistics

compared in both cases.

Figure 4.26
Deterministic and stochastic solution for Ig(t)

Deterministic and Sample paths of IB(f)
| I | I | I |

'!I'.

Number of Acute Hep, Binlectives

] l | | | I |

Time (years)
Source: Researcher (2025)

In deterministic case, Ip(#) increases over time, indicating a growing population of Ip(¢)
This trend is attributed by rate of new infections exceeding the rate of acute Hep B infec-
tive recovery or mortality. While in stochastic case, three sample paths display random
fluctuations about the deterministic trajectory. Sample path 1 exhibit the largest variations
in infections while sample path 2 shows the smallest variations in infections. These vari-
ations result from changes in Wiener processes dW3,dW;1,dWay,dWo3,dWayq,dW,5 and
dW,e. The descriptive statistics for each of the sample paths of I(¢) are tabulated as fol-

lows;
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Table 4.9
Data statistics for deterministic and sample paths of I(t)

Path IBnin IBmax Mean Range
S1 95.16 297.6 1934 2024
S2 62.8 172.1 119.7 109.3
S3 52.29 205.7 130.1 1534

Deterministic 100 186.6 152.8 86.59

Source: Researcher (2025)

Figure 4.27 shows the deterministic and stochastic dynamic behaviour of Iy(¢) with time.

Figure 4.27
Deterministic and stochastic solution for Iyp(t)
Deterministic and Sample paths of THBS
I | | | I I |
= = Dermmsic
ol [—Simpkma:
- Sarpl i s
v —Sazpl Pt} 4
z o} .
2
; 1= - =t -
> .2
; kg’ d
| | l |

03 04 05 06 07 03 1Y

Time (Years)

Source: Researcher (2025)

It is observed that Iyp(t) grows linearly in deterministic case with time due to increase in
transmission rates,progression rates and interactions between HIV and HBV infective. The
stochastic solution is demonstrated by three different sample paths with different realiza-
tion of infection outcomes around the deterministic path. Sample path 1 shows the largest

variability while sample path 3 exhibits the smallest variability of infection outcomes.
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Table 4.10
Data statistics for deterministic and sample paths of Iyp(t)

Path IiBmin  HBmax Mean Range
S1 19.97 45.35 3441 25.37
S2 17.88 47.46  29.36 29.58
S3 18.6 35.81 27.38 17.21
Deterministic 20 3772 28.88 17.72

Source: Researcher (2025)

Figure 4.28 shows the deterministic trajectory and stochastic sample paths for Ig.p(t) for

a period of one year.

Figure 4.28
Deterministic and stochastic solution for Iycp(t)

Deferministic and Sample paths of IHcB(1)
I | | | | |

oo

=N

-infected with chronie Hep I‘-,IIIl n

Number of co

Ima{years)

Source: Researcher (2025)

In figure 4.28, it is observed that the number of Iy p(t) infective declines with time in
deterministic case. This trend is due to slow rate of new HIV and HBV infections as well
as high treatment rates of people co-infected with HIV and HBV. In stochastic solution, the
magnitude and direction of random fluctuations vary among the sample paths representing
the Wiener processes dWy; and dWs.

Figure 4.29 depicts the deterministic and sample paths of I.5(¢) for a span of one year.
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Table 4.11
Data statistics for deterministic and sample paths of Iy.p(t)

Path g min  Igcg max Mean Range
S1 1.625 5.147 3.604 3.522
S2 3.716 9.018 5.89  5.303
S3 2.614 7971 482 5.357
Deterministic 3.256 5 4.067 1.744

Source: Researcher (2025)

Figure 4.29
Deterministic and sample paths for IcB(t)

Deterministic and Sample paths of 18
I [ T

12 T I I

5, 1

B infectives

Number ofchronic Hep

| l | 1 | | 1 |

1mayeas)

Source: Researcher (2025)
From figure 4.29 above, it is noted that the number of individuals with chronic viral hepati-

tis B increases with time due to increase in progression rate, compromised natural immu-
nity, low treatment seeking behaviour of acute hepatitis B infective or even low transmis-
sion rates of HIV-HBV co-infection. The Wiener processes dW»4 and dW,7 influence the
random fluctuations of infections around the deterministic smooth trajectory. The magni-
tude and direction of random fluctuations vary with the sample paths with sample path 1
exhibiting the largest variation in infection and sample path 3 showing the smallest varia-
tions.

Figure 4.30 illustrates the deterministic and stochastic sample paths of Typ(¢) for one year.
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Table 4.12

Data statistics for deterministic and sample paths of IcB(t)

Path

I.pmin

I.pmax Mean

Range

S1
S2
S3
Deterministic

7.967
8.525
9.904
10

11.3
12.6
13.68
12.6

9.444
11

11.88
11.07

3.607
4.074
3.777
21.56

Source: Researcher (2025)

Figure 4.30
Deterministic and sample paths for Typ(t)
Deterministic and sample paths of THBY()
I I b | [ I [ i
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Source: Researcher(2025)

In deterministic case, the number of treated co-infected people decreases over time due to

induced deaths due to adverse effects of HIV-HBV drugs, HIV reinfection, natural deaths

as opposed to low treatment rates of co-infected individuals. However, the number of co-

infected people receiving treatment fluctuates about the deterministic path for each of the

sample paths. This demonstrates that the solution paths are not converging or absorbing

to infection free equilibrium point. The variability is visualized from the following data

statistics for the solution paths. Sample path 3 gives the highest variability while sample
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path 1 gives the lowest.

Table 4.13

Data statistics for deterministic and sample paths of Typ(t)
Path Ty min  7gg max Mean Range
S1 9.373 10.13 9.689 0.7555
S2 9.064 10.42 9.742 1.354
S3 8.582 10.27 9.192 1.685
Deterministic  9.329 10 9.662 0.6737

Source: Researcher (2025)
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CHAPTER FIVE: CONCLUSION, RECOMMENDATIONS AND

PUBLICATIONS

5.1 Conclusion

This section highlight the conclusions drawn from the findings for each of the objectives.

5.1.1 Deterministic co-infection model

A deterministic co-infection model of HIV-HBV is first formulated in this study. The
model incorporates vertical transmission of both HIV and HBV as risk factors, and the con-
trol measures such as treatment and vaccination. Effect of natural immunity and viral load
saturation is also explored in the model. The model was analyzed based on reproduction
numbers. The basic reproduction Ry was computed using two methods; Next Generation
matrix and survival function method. The methods yielded distinct values. Complexities
in computing Ry using NGM for a complex system such as a co-infection model involves
a cumbersome process. In this case Gaussian Elimination method was employed to obtain
the eigenvalues of the Jacobian matrix. Both techniques yielded a value less than unity
an indication that the co-infection can be contained. However, in our case, the complex
eigenvalues of the Jacobian matrix are ignored which depicts oscillations in co-infection
about the equilibrium point. Moreover, the strength number Ay was found to be negative
depicting a possible complexity in the co-infection. This parameter has not be explored in

many epidemic models, thus remains under investigation.

5.1.2 Stability analysis of co-infection free equilibrium point

Routh-Hurwitz criterion and numerical simulations showed that CFE point was locally
asymptotically stable (LAS). This is an indication that in the presence of control interven-
tions, the co-infection returns to co-infection -free equilibrium state. In addition, by use

of Metzler matrix, the infection free equilibrium point was globally asymptotically stable.
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This is an indication that across the entire feasible region, the population can be sustained
at infection free state under both clinical and non-clinical control interventions. However,
under varying control conditions, it was determined that there is a distinct and positive
endemic co-infection equilibrium point, although explicit expressions of endemic states
was not tenable. This reflects the persistence and complex nature of the co-infection in the
population. By Center manifold theorem, it was found that the co-infection model exhib-
ited a backward bifurcation suggesting that, in the absence of control efforts, eradicating
the co-infection is impossible whenever R < 1.

Local sensitivity analysis of the model parameters yielded both positive and negative sen-
sitivity indices. The sensitivity indices for Roy,Ros and Ag, revealed that an increase in
co-infection rate, 33 and recruitment rate, 7, increases the basic reproduction and strength
numbers. In the same breadth, an increase in the treatment rate, screening rate and natural
immunity reduces the basic reproduction and strength numbers.

The effect of viral load saturation on HIV, HBV and co-infection outcomes was investi-
gated. The three cases were considered independently. The impact of changing Dy and
Dp as well as a case investigation of HIV viral load Dy and HBV viral load Dg was as-
sessed. The relationship between increased infection outcomes and elevated HIV and HBV
viral loads underscores the critical role of viral load management in the clinical care and
prevention of HIV-HBV co-infection. Effective management strategies aimed at reducing
viral loads can contribute to better disease control, improved quality of life, and reduced
morbidity and mortality in infected individuals. The observed dynamics underscore the
importance of both treatment and prevention strategies, including ART for HIV, antiviral
treatment for HBV, and hepatitis B vaccination, in managing and controlling HIV-HBV

co-infection. The findings of the study will inform public health policies and interven-
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tions that will eventually lessen the global burden of co-infection and improve the overall
well-being of people who are affected by the diseases. The impact of vertical transmission
highlighted complex interplay in shaping the dynamics of HBV infection, HIV infection,
and co-infection with HIV and HBV. The analysis i figure 4.7 showed that an increase in
the proportion of co-infected births, p, leads to a decrease in the number of co-infected
individuals. Developing and implementing effective prevention and control measures and
understanding these dynamics is vital in mitigating the burden of these infections on public
health. Without effective prevention measures targeting transmission routes, such as sexual
behavior interventions and hepatitis B vaccination programs, the burden of these infections
remains stable or decreases over time in populations where transmission is limited. The
effect of treatment rates on co-infection dynamics showed that increasing the treatment
rate, ¢, increases the population of treated co-infected people at constant drug efficacy.
Thus, increasing HIV and HBV drug efficacy, increases the number of treated co-infected
individuals. The combination of clinical and non-clinical strategies, including ART, vacci-
nation programs, health education, and stigma reduction, contributes to the decline in the
prevalence of HIV, HBV, and co-infection over time. This suggests that comprehensive
and integrated approaches are effective in controlling and preventing the spread of HIV,
HBYV, and co-infection, leading to improved public health outcomes.

The variation of natural immunity showed that increasing the natural immunity reduces
the number of co-infected individuals. This because natural immunity plays a significant
role in shaping the dynamics of HIV-HBV co-infection by influencing susceptibility, trans-
mission dynamics, disease severity, vaccination strategies, and the effectiveness of public
health interventions. Developing comprehensive strategies for the prevention, diagnosis,

and treatment of co-infection is essential to understanding its effects on population dynam-
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ics.

5.1.3 Optimal control model

Secondly, we formulated an optimal control problem using PMP by incorporating five
controls related to clinical and non-clinical control interventions. From the numerical sim-
ulations, we found that effective preventative measures are essential for lowering the preva-
lence of HIV infection and co-infection in the general population, highlighting the impor-
tance of continued investment in prevention efforts. Optimal treatment control requires
a comprehensive approach that includes early diagnosis, screening access to appropriate
medical care, and ongoing treatment management. By addressing these factors, a stable or
declining burden of both HIV-HBV co-infections and acute HBV infections over time can
be achieved, enhancing public health outcomes in the long run and decreasing the popula-
tion’s exposure to these illnesses. The decrease in HIV-infected individuals and the AIDS
population is attributed to the effectiveness of ART and comprehensive HIV management
strategies. ART suppresses viral replication, slowing down HIV spread and reducing mor-
tality rates. Strategies like early identification, ART initiation, treatment adherence, and
support programs are crucial.

It is also evident from the results, that Increasing Hepatitis B dose vaccination increases
the number of vaccinated births as well as treated co infected individuals. Thus, birth
dose vaccination is an effective strategy for preventing mother-to-child transmission of
hepatitis B, especially in HIV-exposed infants. In addition, increased awareness, integra-
tion of vaccination programs and improved coverage contribute to the gradual increase
in vaccinated individuals. Effective management strategies for acute hepatitis B, includ-
ing early diagnosis, supportive care, antiviral therapy, and regular monitoring, reduce the

number of individuals requiring active treatment, promoting faster symptom resolution,

198



shorter infection duration, and increased spontaneous recovery rates. This approach re-
duces the burden of hepatitis B on affected individuals and healthcare systems. Integrated
control measures targeting both HIV and HBO infections, including sexual contact con-
trol, vaccination control, treatment control, and recovery rate control, are highly effective
in reducing the burden of HIV and HBV co-infections. The study suggests that integrated
control measures targeting HIV and HBV infections, such as prevention control, vaccina-
tion, treatment, and recovery rate control, effectively reduce the burden of co-infections.
These measures prevent new infections, suppress viral loads, enhance immune responses,
and improve health outcomes. The gradual decrease in co-infection burden highlights the

importance of comprehensive infection control.

5.1.4 Stochastic model

Finally, the deterministic model is converted to stochastic model by formulating SDEs.
Numerical simulations using Euler-Maruyama method showed that stochastic processes
introduce variability into the dynamics of infectious disease dynamics, leading to devia-
tions from the deterministic solution. The sample paths oscillate around the deterministic
solution over time, a characteristic behavior due to the interplay between deterministic and
random forces. Sample paths showed varying levels of variability in each case. Stochas-
tic models can incorporate parameter uncertainty, for instance, random variation in trans-
mission rates, contact patterns, that deterministic models cannot. Thus, randomness in

transmission of HIV-HBV co-infection cannot be ignored in mitigation measures.

5.2 Recommendations

This section state both policy and further research recommendations.
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5.2.1 Policy recommendations

The study suggests the following recommendations; efforts towards maximizing combined
clinical and non-clinical control interventions should be tailored to help lessen the rate of
HIV and HBV infection, particularly in isolated areas. These include improved prevention
strategies, including promoting safe sexual behaviors and campaigns geared towards Hep-
atitis B vaccination access, and comprehensive treatment approaches. Emphasizes should
also be given to the importance of addressing HIV-related stigma and promoting health ed-
ucation in educational institutions, thereby reducing new infections among the teenagers
and the youth. It also suggests enhanced public health policies informed by sensitivity
analyses of most sensitive parameters to the model threshold parameter Ry and optimiza-
tion of control strategies; prevention, vaccination, treatment, and recovery rate control. In
order to control and manage HIV-HBV co-infection, public health interventions and policy
decisions should focus on efforts to reduce the co-infection and recruitment rates, while
maximizing treatment seeking behaviour and screening the susceptible population. Know-
ing how different parameters affect the basic reproduction and strength number is an im-
portant consideration to policy makers that will create focused plans to stop further trans-
mission of HIV and HBV infection and improve the well-being of communities. There
is also need to develop a policy on prevention, treatment and control of dual infection.
The implementation of the vaccination strategy yielded 67.12% reduction in co-infected
population. Thus, the government through the Ministry of Health, should strengthen the
implementation of universal Hepatitis birth dose vaccination for all newborns. Increase ac-
cess to screening and treatment for HIV and HBV mono-infections should be encouraged.
Moreover, knowledge on HIV-HBV co-infection should be enhanced especially among the

populations at high risk. Further, efforts to mount strong natural immunity should be ad-
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vocated for. Finally, stochasticity in infectious disease models cannot be ignored since it
captures real-world variability and uncertainty. For this realization, regular research and

monitoring of infection dynamics are also recommended.

5.2.2 Future research work

Future research work in this area may consider a triple co-infection with HIV, HBV and
TB or malaria. Vaccination of adult population, mass screening of susceptible populations
for hepatitis B infection and progression of chronic hepatitis B case to cancer stage may be
included in the model. Population resistance to HIV and HBV antiretroviral therapy may
also be considered. Higher order numerical schemes such as Milstein can be used to solve
stochastic differential equations.
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APPENDICES
Appendix A: Matlab program for numerical solution of deterministic model

This appendix is related to section 4.2.3.1 to 4.2.3.17.

function dy=JAMES (t,vVy)

global pi mu psi deltal delta2 delta3 deltad4 alpha gamma rho

phi thetal theta2 theta3 thetad4 thetab epsilonl epsilon2 sigma

omega varphi tau Gamma nu lambdal lambda2 lambda3 lambda4 lambdab

DH DB

% model parameters

p1i=50000000;mu=0.00911;deltal=0.7114;delta2=0.0028;delta3=0.0284;

deltad=0.42;alpha=0.95; gamma=0.2;rho=0.116;phi=0.17;DH=5;DB=1;

Gamma = 0.22;thetal = 0.875;theta?2 = 0.058;theta3 = 0.18;

theta 4 = 0.45; thetab = 0.14319; epsilonl=0.5; epsilon2=0.7;

tau=0.25; sigma=0.81; betal=0.09; beta2=0.2; beta3=0.074;

betad4=0.1; betab5=0.075; varphi=0.2493; nu=0.08; omega=0.012;

psi=0.05;

$Model equations

%$S=y (1) ,IH=y(2), A=y (3), IHB=y(4), THB=y(5), IHcB=y(6), V=y(7),

VH=y (8), IB=y(9), IcB=y(10), TB=y(ll), R=y(1l2)

SN =y (1) +y (2) +y (3) +y (4) +y (5) +y (6) +y (7) +y (8) +y (9) +y (10) +y (11) +y (12)

pi=b+*N, rho=thetal+thetaZ2+theta3+thetad+thetal,

lambdal=betal * (IH+etallHB+etal2IHcB+eta3A+etadTHB),

lambdaZ2=betal2* (IB+chilIcB+chi2IHB+chi3IHcB+chi4TB+chi5THB),

lambda3=beta3* (IHB+Psil1lIHcB+Psi2THB),

lambdad=beta5 (IH+LambdalIHB+Lambda?2IHcB+Lambda3A

+Lambdad4THB+Lambda5VH)

lambdab=betab (IB+varepsilonlIHB+varepsilon2IcB
+varepsilon3IHcB+varepsilond4TB+varepsilon5THB)

dy (1) =thetab*pi-(lambdal+lambda2+lambda3+mu) xy (1) —omegaxy (12) ;
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dy (2)=thetal xpi+lambdal *xy(l)+(l-epsilon2)*sigmaxy (5)
—(lambda4 +mu+ (l-epsilonl) *DH) *y (2);

dy (3)=(l-epsilonl) *DHxy (2) - (deltal+mu) xy (3);

dy (4)=(l-rho) *xpi+lambda3*y (1)+(y (2)+nu) *lambdad
+lambdabx*y (9) - (alphatgamma+mu) *y (4) ;

dy (5)=phixy (4)—- (mu+deltal3+ (l-epsilon2) xsigma) xy (5) ;

dy (6) =gammaxy (4) — (mutdeltad) xy (6) ;

dy (7) =theta3*pi- (mut+tGammaxlambdal) xy (7) ;

dy (8) =thetad*pit+Gammaxlambdal+y (7) - (mutnu*lambdad) xy (8) ;

dy (9)=thetalZ+pi+lambda2*y (1) - (mutlambdabS+alpha+tau+psi*DB) *y (9) ;

dy (10)=psi*DBxy (9) - (mu+tdeltal) =y (10) ;

dy (11)=tau*y(9)- (mu+tdelta3+ (l-epsilon2) *varphi) xy (11);

dy (12)=alpha*y (9)+(l-epsilon2) *varphixy (11) - (omega+mu) xy (12) ;

dy=dy’;

$This 1is a function file(Main file)
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Appendix B: Matlab program for optimal control model

This appendix is related to section 4.3.3

function y=jamo (pi,mu,psi,deltal,delta?2,delta3,delta4d4, alpha, gamma,
rho,phi,DH, DB, Gamma,thetal,theta2,theta3,thetad4,epsilonl,epsilon?2,
tau, sigma, lambdal, lambda2, lambda3, lambda4, lambda5,

varphi, nu, omega,Psi,ul,u2,u3,u4,ud, Al,A2,A3,A4,A5,A6,A7,A8,A9,B1,
B2,B3,B4,B5,50,IH0,A0, IHBO,THBO, IHCRO,

v0,VHO, IBO, IcBO,TBO,RO,N,tfinal);

test = -1;

delta = 0.001;

M = 1000;

t=linspace (0,tfinal,M+1);

h=tfinal/M; %h=tfinal/M;

h2 = h/2;

% The initial guess for the state variables

SO=zeros (1,M+1);

IHO=zeros (1,M+1);

AQ=zeros (1,M+1);

IHBO=zeros (1,M+1);

THBO =zeros(1l,M+1);

IHcBO=zeros (1,M+1);

VO0=zeros (1,M+1);

VHO=zeros (1,M+1) ;

IBO=zeros (1,M+1);

IcBO=zeros (1,M+1);

TBO=zeros (1,M+1);

RO=zeros (1,M+1);

3======= The Initial conditions===========

S(1)=S0; IH(1)=IHO; A(l)=A0; IHB(1l)=IHBO;
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THB (1)=THBO; IHcB(1)=THBO; V(1)=VO0;
VH(1)=VHO ; IB(1)=IB0; IcB(1l)=IcBO;
TB(1)=TBO; R(1)=RO;
s=========== Non-trivial vector==s=======
Pl=zeros (1,M+1);
P2=zeros (1,M+1);

P3=zeros (1,M+1);

P4=zeros (1,M+1);

P5=zeros (1,M+1);

P6=zeros (1,M+1);

P7=zeros (1,M+1);

P8=zeros (1,M+1);

P9=zeros (1,M+1);

ul=zeros (1,M+1);

u2=zeros (1,M+1);

u3=zeros (1,M+1);

ud=zeros (1,M+1);

ub=zeros (1,M+1) ;

while (test < 0)

oldul = ul; oldu2 = u2; oldu3 = u3; oldud4 = u4; oldub5 = ub5;
01dS=S; o0ldIH=IH; oldA=A; o0ldIHB=IHB; o0ldTHB=THB; oldIHcB=IHcB;

01dv=V; o0ldVH=VH; 01ldIB=IB; o0ldIcB=IcB; o0ldTB=TB; oldR=R;

0ldPl = P1l; o0ldP2 = P2; o0ldP3= P3; oldP4 = P4;
0ldP5 = P5; 0ldP6 = P6; 0ldP7 = P7; o0ldP8 = P8; oldP9 = P9;
$========= Runge—-Kutta Forward sweep solver ======

for 1 = 1:M
mll= thetabxpi-((1-ul(i))* (lambdal+lambda2+lambda3+mu) ) xS (i)

—omegax*R (1) ;
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ml2= thetal x*pi+(l-ul(i))+*lambdal =*S (i)

+(l-epsilon2) xsigmaxTHB (1)

- (lambdad+mu+ (1-u3 (i) ) * (1-epsilonl) *DH) *IH (i) ;
ml3=(1-u3(i))*(l-epsilonl) +xDH*IH (i) - (deltal+mu) A (i) ;
mld=(l-rho) *pi+ (1l-ul(i))*lambda3*S (i)

+((1l-ul(i))*IH(i)+nu)*lambda4

+(1-ul(i))+*lambda5*TB (i)

—((1-u2(i))»phi+ (1-u3 (i) ) *gamma+mu) «IHB (1) ;
ml5=(1-u2 (i) ) »phi*IHB (i) - (mut+delta3+ (l-epsilon2) *xsigma) *THB (1) ;
ml6=(1-u3 (1)) *gamma*xIHB (i) - (mut+tdeltad) «IHcB (1) ;
ml7=(1-ud (i) ) theta3xpi- (mu+tGammaxlambdal) *V (i) ;
ml8=(1-u4d (i) ) *thetad pi+Gammaxlambdal*V (i) - (mu+nuxlambdad) xVH (1) ;
ml9=thetalx*pi+ (1l-ul(i))+lambda2*S (i) - (mu+ (1l-ul(i))*~lambdab+alpha+
(1-u2 (i) ) *~taut (1-u3 (i) ) »psi«DB) *xIB(1);
m20=(1-u3(i)) *psi*«DB*IB (i) - (mu+deltal2) xIcB (i) ;
m21=(1-u2(i))*tau*xIB(i)—- (mutdelta3+ (l-epsilon2)«varphi)*«TB(i);
mz22=alphaxy (9)+(1-ub5(i) ) (1l-epsilon?) xvarphi*TB (i) - (omega+mu) *R (1) ;
s===============gecond forward sweep=====================
m24=thetaS*pi—((1-0.5% (ul (i)+ul (i+1)) * (lambdal+lambda?
+lambda3+mu) ) ) * (S(1)+h2+mll)
—omegax* (R(1)+h2xm22) ;
m25= thetal *pi+ (1-0.5x(ul(i)+ul(i+l))*lambdalx* (S(i)+h2xmll)
+(l-epsilon2) xsigmax (THB (i) +h2xml15) ) - (lambdad+mu+
(1-0.5%x (u3 (i)+u3 (i+1)) ) (1l—-epsilonl) *DH) x (IH (i) +h2+xml12) ;
m26=(1-0.5% (u3 (i) +u3 (i+1l))* (l-epsilonl) *xDH* (IH (i) +h2xml2)) -
(deltal+mu) * (A (i) +h2+ml13);
m27=(l-rho) *pi+ (1-0.5x (ul (1) +ul (i+1)) xlambda3x (S (i) +h2*mll) )+
((1-0.5%x(ul(i)+ul (i+1))))* (IH(1i)+h2xml2) +nu*xlambda4

+(1-0.5%(ul(i)+ul (i+1)) ~lambdabx (TB(i)+h2+m21))—-(1-u2 (i) *phi+
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(1-0.5% (u3 (i) +tu3 (i+1) ) rgamma+mu) ) » (IHB (i) th2+ml14) ;
m28=(1-0.5* (u2 (1) +u2 (i+1) ) »phi* (IHB (1) +h2+ml14)) -
(mutdeltal3+ (l-epsilon?2) xsigma) = (THB (i) +h2+ml5);
m29=(1-0.5%x (u3 (1i)+u3 (i+1l)) rgammax* (IHB (i) +h2+ml4) ) -
(mu+deltad) = (IHcB (i) +h2+ml16) ;
m30=(1-0.5%x (ud (i)+ud (i+1l))) ~thetal3*pi
— (mu+Gammax*lambdal) x (V(i)+h2+ml7);
m31=(1-0.5%x(ud (i)+ud (i+1l))) rthetad*pit+Gammaxlambdal* (V (i)
+h2+ml7) — (mu+nuxlambdad) = (VH (1) +h2+ml18) ;
m32=thetal*pi+ (1-0.5x (ul(i)+ul (i+1))) *lambda2* (S(i)+h2xmll)
—(mu+ (1-0.5%(ul (i)+ul (i+1)))) ~lambdab
+alpha+ (1-0.5% (u2 (i) +u2 (i+l))) ~tau
+(1-0.5(u3 (i) +u3(i+1l)) xpsi*DB) *x (IB(i) +h2*ml9);
m33=(1-0.5x (u3 (1) +u3(i+1l))) *psi*DB* (IB(1i)+h2+ml9)
— (mu+deltal2) * (IcB(i)+h2*m20) ;
m34=(1-0.5% (u2 (1) +u2 (i+1))) rtaux (IB(1i)+h2*ml9) —
(mut+delta3+ (l-epsilon2) xvarphi) » (TB(1i) th2*m21) ;
m35=alphax (IB(i)+h2+ml19)+ (1-0.5% (u5(i)+ub(i+1))) *
(1-epsilon2) xvarphix (TB (1)
+h2+*m21) — (omega+mu) » (R(1i) +h2xm22) ;
m37=thetab5*pi-(1-0.5(ul (i)+ul (i+1))) rlambdal+lambda2+lambda3+mu) *
(S(i)+h2+m24) -omegax (R(1) +h2xm35) ;
m38= thetal *pi+ (1-0.5x(ul(i)+ul(i+l))*lambdalx (S(i)+h2+xm24)+
(l-epsilon2) xsigmax (THB (i) +h2+m28) - (lambda4+mu+
(1-0.5%x (u3(1)+tu3(i+1l)))*(l-epsilonl) «DH) » (IH (1) +h2xm25) ;
m39=(1-0.5x (u3(1)+u3(i+l)) * (l-epsilonl) *DH* (IH (i) +h2+m25) —
(deltal+mu) * (A (1) +h2+m26) ;

m40=(1-rho) »pi+ (1-0.5% (ul (i) +ul (i+1)) ~rlambda3* (S (i) +h2+m24) +
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((1=-0.5%(ul(i)+ul (i+1) )+ (IH(1i)+h2*m25) +nu) *lambda4
+(1-0.5x(ul(i)+ul (i+1l)) xlambdab5* (TB (i) +h2xm34) -
((1=u2 (i) ) »phi+ (1-0.5%x (u3 (i) +u3 (i+1)) rgamma+mu) * (IHB (i) +h2+m27) ;
md4l=(1-0.5% (u2(i)+u2 (i+1l)) »phi* (IHB (i) +h2+m27) —
(mutdelta3+ (l-epsilon2) *sigma) * (THB (1) +h2xm28) ;
m42=(1-0.5x (u3 (i) +u3 (i+1l) ) rgammax (IHB (i) +h2+m27) -
(mu+deltad) = (IHCB (1) +h2+m29) ;
m43=(1-0.5%x (ud (i)+ud (i+1) ) rthetal3x*pi
— (mu+Gammaxlambdal) * (V (i) +h2+m30) ;
m44=(1-0.5*(u4d (i) +ud (i+1)) rthetadrpit+tGammarlambdal* (V (i) +h2+m30)
— (mu+nu*lambdad) x (VH (i) +h2+m31) ;
m45=thetal2*pi+ (1-0.5x (ul (i) +ul (i+1)) rlambda2+* (S (i) +h2+m24)
—(mu+ (1-0.5% (ul (i) +ul (i+1)) «lambdab
+alpha+ (1-0.5x (u2 (i) +u2 (i+1l)) ~tau
+(1-0.5% (U3 (i)+u3 (i+1)) *psi*DB) * (IB (i) +h2+*m32) ;
m46=(1-0.5%x (u3(1i)+u3 (i+1l)) *psi*DBx (IB(i)+h2+xm32)
— (mutdelta?2) * (IcB(i)+h2+*m33);
md7=(1-0.5% (u2(i)+u2 (i+1l))+tau* (IB(i)+h2+m32)
— (mut+delta3+ (l-epsilon2) xvarphi) » (TB (i) +h2xm34) ;
md48=alphax* (IB (1) +h2+m32)+ (1-0.5* (u5 (i) +ub (i+1)) *
(1-epsilon2) +xvarphix (TB (i)
+h2+*m34) - (omega+mu) » (R (1) +h2+*m35) ;
$===============Forth forward sweep==================
m50=thetaS*pi-((1-0.5x (ul (i)
+ul (1+1)) x (lambdal+lambda2+lambdal3+mu) ) = (S (1)
+h2+m37) —omegax (R(1) +th2xm48) ;
mb51= thetal *pi+ (1-0.5x(ul(i)+ul(i+l))*~lambdalx (S(i)+h2+xm37)
(l-epsilon2) xsigmax* (THB (i) th2+m41l) - (lambda4+mu+

(1-0.5%x (u3 (i)+u3 (i+1)) ) (1l—-epsilonl) *DH) x (IH (i) +h2+xm38) ;
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m52=(1-0.5%x (u3(1i)+u3 (i+l) ) (1l-epsilonl) *DH* (IH (1) +h2+m38) —
(deltal+mu) * (A (1) +h2+m39);
m53=(1l-rho) »pi+ (1-0.5%x (ul (i) +ul (i+1) ) +xlambda3* (S (i) +h2+m37)+
((1-0.5%x(ul (i)+ul(i+1l))*(IH(1i)+th2+m38) +nu) xlambda4
+(1-0.5%x(ul(i)+ul (i+1)) ~lambdabx (TB(1i)+h2+m47)—-((1-u2(i)) *phi+
(1-0.5%x (u3 (i) +tu3 (i+1) ) *gamma+mu) * (IHB (i) +h2+m40) ;
m54=(1-0.5% (u2 (i) +u2(i+1l) ) »phix (IHB (i) +h2+m40) -
(mu+deltal3+ (l-epsilon2) *sigma) * (THB (i) +h2+m41l) ;
m55=(1-0.5%x (u3 (1i)+u3 (i+1l)) rgammax* (IHB (i) +h2+m40) —
(mu+deltad)  (IHCB (i) +h2+m42) ;
m56=(1-0.5% (ud (i)+ud (i+1)) rthetal3xpi

— (mu+Gammax*lambdal) x (V (1) +h2+m43) ;
mS7=(1-0.5%x(ud (i)+tud (i+l) ) »rthetadrpi+Gammaxlambdalx (V (1)

+h2x*m43) — (mu+nuxlambda4) » (VH (1) +th2+m44) ;
m58 &= \theta2 \pi + \left(l - 0.5 \cdot (ul(i)

+ ul (i+1))\right) \cdot \text{lambda2} \cdot (S (i)

+ \text{h2} \cdot m37) - \left( \mu

+ \left (1 - 0.5 \cdot (ul(i) + ul(i+1))\right)

\cdot \text{lambda5} + \text{alpha}

+ \left(l - 0.5 \cdot (u2(i) + u2(i+1l))\right)

\cdot \text{tau} \right \left + \left(l - 0.5

\cdot (u3(i) + u3(i+1l))\right)

\cdot \text{psi} \cdot \text{DB} \right)

\cdot (IB(i) + \text{h2} \cdot m45); \\
m59 &= \left(l - 0.5 \cdot (u3(i) + u3(i+1l))\right)

\cdot \text{psi} \cdot \text{DB}

\cdot (IB(\text{h2} \cdot m45) \\&\quad

- (\mu +\text{delta2}) \cdot (IcB(i)

+ \text{h2} \cdot m46); \\
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m60 &= \left(l - 0.5 \cdot (u2(i) + u2(i+1))\right)
\cdot \text{tau} \cdot (IB(i) + \text{h2}
\cdot m45) \\&\quad - \left( \mu + \text{delta3}
+(1 - \text{epsilon2})\cdot \text{varphi} \right)
\cdot (TB(i) + \text{h2} \cdot m47); \\
m6l &= \text{alpha} \cdot (IB(i) + \text{h2}
\cdot m43) + \left(l - 0.5 \cdot (ub5(i) + u5(i+l))\right)
\cdot (1 — \text{epsilon2})
\cdot \text{varphi} \cdot (TB(i) +\text{h2}
\cdot m47) - (\text{omega} + \mu)
\cdot (R(1) + \text{h2} \cdot m48); \\
S(i+l) &= S(i) + (h/6) \cdot (mll + 2
\cdot m24 + 2 \cdot m37 + m50); \\
TH(i+1l) &= IH(i) + (h/6) \cdot (ml2 + 2
\cdot m25 + 2 \cdot m38 + m51); \\
A(i+l) &= A(i) + (h/6) \cdot (ml3 + 2
\cdot m26 + 2 \cdot m39 + mb52); \\
IHB(i+1) &= IHB(i) + (h/6) \cdot (ml4d + 2
\cdot m27 + 2 \cdot m40 + m53); \\
THB (1i+1) &= THB(i) + (h/6) \cdot (ml5 + 2
\cdot m28 + 2 \cdot m4l + mb54); \\
IHcB (i+1) &= IHcB(i) + (h/6) \cdot (ml6 + 2
\cdot m29 + 2 \cdot m42 + m55); \\
V(i+l) &= V(i) + (h/6) \cdot (ml7 + 2
\cdot m30 + 2 \cdot m43 + mb56); \\
VH(i+1) &= VH(i) + (h/6) \cdot (ml8 + 2
\cdot m31 + 2 \cdot m44 + m57); \\
IB(i+1) &= IB(i) + (h/6) \cdot (ml9 + 2

\cdot m32 + 2 \cdot m45 + m58); \\
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IcB(i+l) &= IcB(i) + (h/6) \cdot (m20 + 2
\cdot m33 + 2 \cdot m46 + m59); \\
TB(i+1l) &= TB(i) + (h/6) \cdot (m21 + 2
\cdot m34 + 2 \cdot m47 + m60); \\
R(i+1) &= R(i) + (h/6) \cdot (m22 + 2
\cdot m35 + 2 \cdot m48 + m61); \\
\end{aligned}

\begin{aligned}

&\text{for } i=1:M \\
s\quad j = M+2-1i; \\
&\quad mll = \left[ 2 \cdot \beta_{4} \cdot IH(J)
+ (1 — u3(j)) \cdot (1 - \epsilon_1) \cdot DH \right. \\
&s\quad\quad - \left( \beta_{1} \cdot S(3j) - ul(j)
\cdot \beta_1 \cdot S(Jj) \right) \bigg] \cdot P1(j) \\
&\quad\quad - (1 - u3(j)) \cdot (1 - \epsilon_1)
\cdot DH \cdot P2(3) \\
s\quad\quad - \left[ \left( 2 \cdot IH(J) \cdot (1 - ul(j))
+ \nu \right)\cdot \beta_4 \right]\cdot P3(j) \\
&§\quad\quad + \left[ \nu \cdot \beta_4 \cdot VH(7J)
-\Gamma\cdot\beta_l\cdot V(j) \right]\cdot P6(Jj)- A_1;
ml2 = (betadxLambda3+xIH(J)—-(1-ul(]j))*~betalxeta3*S(]j))*P1(7j)
+(deltal+mu) «P2 () - ((1-ul (3)) *IH () +nu) xbetad *Lambda3+P3 ()
— (Gammaxbetalxeta3*V (]J) —nuxbetad+Lambda3«VH () ) *xP6(])—-A2;
ml3 = (betadxLambdal+IH (j)-(1-ul(j)) *betalretal*S(j))+P1(7)
—((1-ul(3))*beta3*S () +((1-ul (J))*IH(J)+nu) xbetad+Lambdal
- ((1-u2(j))*phi+ (1-u3(Jj)) *gamma+mu)
+(1-ul (§)) *beta5+Upsilonl*IB(J)) +P3 ()

—(1-uz (J)) *»phixP4 (J) - (1-u3(J)) ~gamma+P5 (J)
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— (Gammaxbetalxetal*V (]) —nuxbetad+Lambdal+VH(])) *P6(])
—((1-ul(j)) *beta2+chi2*S(7J)
—(1-ul(j)) *betab*«Upsilonl*«IB(J))*xP7(]J)-A3;

mld = —((1-ul(j))*betal xetadxS(j)+(l-epsilon2) +xsigma
~betad+Lambdad4«IH (3))*P1(J)
—((1-ul(j))*betal3*xPsi2*S(J)+((1l-ul(j))*IH(])+nu) xbetad
*Lambda4d+ (1-ul (J)) xbetaS5xUpsilon5+IB(J)) *xP3(])

+ (mu+delta3+ (l-epsilon2) xsigma) P4 ()

— (Gammaxbetalxetad*V (J) —nuxbetad+Lambdad4«VH(7]))
*P6 (J)—((1-ul(J)) +xbeta2+xchib*S (J)

—(1-ul(j)) *betab*«Upsilonb5*IB(]))*xP7(]J)-A4;

ml5 = —((1l-ul) *betalxeta2+xS-betad+rLambda2*«IH) *P1
—((1-ul) *beta3*xPsil xS+ ((1l-ul)«IH+nu) xbetad+~Lambda2
+(1-ul) xbetab+xUpsilon3%xIB) xP3+ (mu+tdeltad) xP5

— (Gammaxbetal*etal2+«V-—nuxbetad+«Lambda2+VH) xP6
—((1l-ul) xbeta2+«chi3xS—(1-ul) *xbeta5+xUpsilon3%«IB) *P7-A5;

ml6e = betad*Lambdab*P1l-((1l-ul)*«IH +nu)+xbetad*Lambda5+P3
+ (mu+nu+betad* (IH+Lambdal+xIHB+Lambda2*IHcB+Lambda3«A
+Lambdad *THB+2xLambda5*VH) ) xP6
+ (mu+ (1-ul) *betabx (2xIB+varUpsilonl+«IHB+varUpsilon2+IcB
+varUpsilon3+«IHcB+varUpsilond4+«TB+varUpsilon5+THRB)
+alpha+ (1-u2) xtau+ (1-u3) *xpsi*DB) xP7-A6;

ml7 =—((1l-ul)+beta2+S* (2+xIB+chilxIcB+chi2+«IHB+chi3*«IHcB+

chi4*TB+chi5*«THB) — (mu+ (1-ul) xbetab* (2xIB+varUpsilonl*IHB

+varUpsilon2*IcB+varUpsilon3*«IHcB+varUpsilon4xTB
+varUpsilon5+«THB) +talpha+ (1-u2) xtau+ (1-u3) xpsi*DB) ) xP7

—(1-ul) xbetab (2xIB+varUpsilonl+IHB

+varUpsilon2+IcB+varUpsilon3*«IHcB+varUpsilon4d«TB

+varUpsilonb5+«THB) *P3— (1-u3) *psi*DB*P8
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- (1-u2) *tauxP9-A7;
ml8 =-(1-ul)+xbetabxvarUpsilon*2+xIBxP3—((1-ul)«xbeta2+xchi2xS
—(1-ul) xbetab5+xUpsilon2*IB) xP7+ (mu+tdeltal) *xP8-A8;
ml9 =(mutdelta3+(l-epsilon2)«varphi) *P9
—(1l-ul) xbetabrvarUpsilond«IB*P3
—((1-ul) *betaZ2+xchid4xS—(1-ul) xbetab5*Upsilond*IB) *P7-A9;
F===============FSecond backward sweep=============
m21 =(2xbetad«IH(j)+(1-u3(J))*(l-epsilonl) «DH
—(betalxS(3)-ul(j)*betal xS (3J)))*P1(]J)
—(1-u3(j))*x(l-epsilonl) *DHxP2 (7j)
—(2+*IH(J)*(1-ul (j)) +nu) xbetad*P3 (7j)
+ (nuxbetad+VH (j) -Gammaxbetal*«V (7)) «P6(J)—-Al;
m22 = (betadxLambda3«IH(])-(1lul (j)) *betal*xeta3xS(]j))*P1l(])
+ (deltal+mu) *P2 (j)—((1-ul (j))*«IH(]) tnu) xbetad+Lambda3*P3 (7J)
- (Gammaxbetalxeta3*V (j) —nuxbetadxLambda3*«VH (7)) *P6 (]J)-A2;
m23 =(betad+«Lambdal*«IH(]j)
—(1-ul(j)) xbetalxetal*S(j))*P1(73)
—((1-ul(j)) *beta3*S(7j)
+((1-ul(3))*IH(]J)+nu)xbetad+~Lambdal
—((1-u2(j))*phi+ (1-u3 (Jj)) rgamma+mu)
+(1-ul (j)) xbetab*Upsilonl+IB (7)) *P3(])
- (1-u2(j))*phi*P4(3)—-(1-u3(j)) rgammaxP5 (J)
— (Gammaxbetalxetal*V (7j)
-nuxbetad+Lambdal*VH (J)) *P6(])
—((1-ul(j))+xbeta2+xchi2*S(7J)
—(1-ul(]j))rbetab»Upsilonl xIB(j))=*P7(])—-A3;
m24 = —((1-ul(j))*betal xetadxS(j)+(l-epsilon2) +xsigma
—-betad+Lambdad4«IH (3))*P1(J)

—((1-ul (7)) rbeta3xPsi2*S(7)

228



+((1l-ul(3))*IH(]J)+nu) xbetad~Lambda4
+(1-ul (J)) rbetabS+Upsilon5+IB(J))*P3(])
+ (mut+delta3+ (l-epsilon2) xsigma) P4 ()
— (Gammaxbetalxetad*V (])
—nuxbetad+Lambdad«VH (])) *P6 (7)
—((1-ul(J)) *beta2xchi5*S (J)
—(1-ul(]j))+xbetabSxUpsilonS5xIB(]J))*xP7(])-A4;
m25 = —((l-ul)rbetal+reta2+«S-betadrLambda2*IH) «xP1
—((1-ul) xbetal3xPsil =S
+((1l-ul) xIH+nu) xbetad*«Lambda?
+(1-ul) *xbetab5+xUpsilon3%xIB) xP3+ (mu+tdeltad) xP5
— (Gammaxrbetal*etaZ2+«V—nu*xbetad+«Lambda2+VH) xP6
—((1-ul) xbeta2xchi3«S—-(1-ul) xbeta5*«Upsilon3*«IB) xP7-A5;
m26 = betadxLambdab5*P1l-((l-ul)+*IH+nu) *betad+xLambda5*P3
+ (mu+nu*betad* (IH+Lambdal *IHB+Lambda2+«IHcB+Lambda3 A
+Lambdad «*THB+2+xLambda5*«VH) ) *P6+ (mu+ (1-ul) *xbetab« (2+IB
+varUpsilonl*«IHB+varUpsilonZ2*IcB+varUpsilon3«IHcB+
varUpsilondxTB+varUpsilon5«THB)
+alpha+ (1-u2) rtau+ (1-u3) *xpsi*DB) xP7-A6;
m27 =—((1l-ul)+xbeta2+S (2+xIB+chil*IcB+chi2*IHB+chi3*IHcB
+chi4+«TB+chi5+THB) — (mu+ (1-ul) rbetab (2«IB+varUpsilonl «ITHB+
varUpsilonZ2+«IcB+varUpsilon3«IHcB
+varUpsilon4«TB+varUpsilon5+THB)
+alpha+ (1-u2) xtau
+(1-u3) xpsi*DB) ) *xP7—(1-ul) xbetabx (2xIB+varUpsilonl+IHB
+varUpsilon2+«IcB
+varUpsilon3*«IHcB+varUpsilond*TB
+varUpsilon5*«THB) *P3— (1-u3) xpsi*DB*P8

—(1-u2) *tauxP9-A7;
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m28 =-(1-ul) xbetabxvarUpsilon*2xIB*P3—((1l-ul)«beta2xchi2*S
—(1-ul) xbetab5xUpsilon2+«IB) xP7+ (mutdelta?) xP8-A8;
m29 =(mutdelta3+(l-epsilon2)«varphi) *«P9
—(1-ul) xbetabxvarUpsilond+~IBxP3
—((1-ul) *beta2+xchidxS—(1-ul) xrbetab5+Upsilon4*IB) xP7-A9;
g===============Third backward sweep====================
m31 =(2+«betad«IH(J)+(1-u3(]j))*(l-epsilonl) *DH- (betal *S(7J)
—ul (J)«betal *xS(Jj)))*P1l(]j)—-(1-u3(j))*(l-epsilonl)«xDH*P2(])
—(2*IH(Jj)* (1-ul(j))+nu) xbetad«P3(]j)+ (nuxbetad*VH(])
—Gammaxbetal*V (7j))*P6(j)-Al;
m32 = (betadxLambda3+xIH(J)—-(1-ul(]j))*betalxetal3*S(]j))*P1(7j)
+ (deltal+mu) *P2 () —((1-ul (J))*IH(]J) +nu) *xbetad+Lambda3*P3 (7J)
— (Gammaxbetal+xetal3«V (j) nuxbetadxLambda3*«VH(])) *P6(])—-AZ;
m33 =(betad+«Lambdal*«IH(]j)—-(1-ul(J))~xbetalxetal*xS(J))*P1(]J)
—((1-ul(j))*beta3xS(J)+((1-ul(j))*IH(])+nu) xbetadxLambdal
—((1-u2(3))»phi+ (1-u3 (j)) *gamma+mu)
+(1-ul (j)) *betab*xUpsilonl*IB(]))*P3(7J)
—(1-u2 (J)) »phixP4 (j) - (1-u3(j)) rgamma*P5 (7J)
— (Gammaxbetalxetal*V (7J)
—nuxbetad*«Lambdal+*VH(]))*P6(3)—((1l-ul(Jj))rbeta2xchi2*S(7)
—(1-ul(j)) *betab+Upsilonl *xIB(]j))*«P7(]j)—-A3;
\mathrm{m} 34=-\left ((l-\mathrm{u} 1 (\mathrm{j}))"{=*}
\text { betal }{ }"{*x} \text { etad } =«
\mathrm{~S} (\mathrm{j})+ (1-\text { epsilon2 })"*{*}\right.
\text { sigma-betad+Lambdad+IH(]J))*P1(7J)}
-\left ((1-\mathrm{u} 1 (\mathrm{j})) " {*}
\text { beta3 }"{x} \text { Psi2 }"{x}
\mathrm{~S} (\mathrm{3j})+\left ((1-\mathrm{u}

1 (\mathrm{j})) "~ {*}
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\mathrm{IH} (\mathrm{j})+\mathrm{nu}\right) " {+}\right.

\text { betadxLambdad } \left.+(l-\mathrm{u}

1 (\mathrm{j}))~{*} \text { betaS5xUpsilon5+IB}

(\mathrm{j})\right) " {*} \mathrm{P} 3 (\mathrm{Jj})

+\left (\mathrm{mu}+\text{delta3}+ (1-\text{epsilon2})

\text{sigma }{ }"{*} \mathrm{P} 4 (\mathrm{j})\right

\text {-(Gammaxbetalxetad«V (j)-nu+betad+Lambdad+VH (j))

*P6 (J) }-\left ((1-\mathrm{u} 1 (\mathrm{j}))"~{*}

\text { beta2 }"{x}\text { chib5 }"{x} \mathrm{~S}

(\mathrm{j})- (1-\mathrm{u} 1 (\mathrm{j}))"~{*}

\text { betab }"{x} \text { Upsilon5 }{ }"{=*}

\text { IB } (\mathrm{j})\right)~{x} \mathrm{P}7

(\mathrm{j})-\mathrm{A} 4 \text {; } \\

\mathrm{m}35=-\1left ((1-\mathrm{u} 1)"{x}

\text { betal } { ¥} {*} \text { eta2 }{ }"{+}

\text { S-beta4d4 }{ }"{*x} \text { Lambda2 }{ }

\mathrm{IH}\right){ }"{*x} \mathrm{P}1

—\left ((1-\mathrm{u} 1)"{x} \text { beta3xPsil }{ }

\mathrm{~S}\right \left.+\left ((1-\mathrm{u} 1)"{*}

\mathrm{IH}+\mathrm{nu}\right) *{*} \text{betad}" {«}

\text {Lambda2}+ (1-\mathrm{u}l)~{*} \text{beta5}

\text { Upsilon3 }{ }"{*} \mathrm{IB}\right) "{*}

\mathrm{P}3 + (\mathrm{mu}+\mathrm{delta} 4)"{x}

\mathrm{P}5-\1left (\mathrm{Gamma}" {x}\text {betal}"{«}

\mathrm{eta2}"{*} \mathrm{~V}-\mathrm{nu}"{*}\right.

\text {betad+Lambda2+VH) *P6}\text{—-((1-ul) xbeta2

*chi3+S—(1-ul) *beta5+Upsilon3*IB) xP7-A5; } \\
\mathrm{m}36=\text {betad+Lambda5+P1- ((1-ul) «IH+nu) xbetadx

Lambdab*P3}+\left (\mathrm{mu}
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+\mathrm{nu}~{+}\text{ betad}"{x}\left (\mathrm{IH}
+\mathrm{Lambda} 17{*x} \mathrm{IHB}+\mathrm{Lambda} 2"{x*}
\mathrm{IHcB}+\mathrm{Lambda}3"{*} \mathrm{~A}\right.
\text {+Lambda4*THB+2*Lambda5+VH) ) *xP6+ (mu+ (1-ul) xbeta5x (2+xIB}
\text {+varUpsilonl+«IHB+varUpsilon2+«IcB+varUpsilon3+IHcB
+varUpsilond«TB}+\text {varUpsilon5+«THB})

+\text{alphal+ (l-\mathrm{u}2) *\text{taul+ (1-\mathrm{u}3) *
\text { psi*DB)*P7-A6;} \\

\mathrm{m} 37=-\left ((l-\mathrm{u}l){*x}\text{beta2}"{x}
\mathrm{~S}*{*}\left (2x\mathrm{IB}+\mathrm{chi}1~{*}
\mathrm{IcB}+\mathrm{chi}2\mathrm{IHB}
+\mathrm{chi}3}\mathrm{IHcB}+
\mathrm{chi}4”{*x}\mathrm{~TB}+
\mathrm{chi}5\mathrm{THB}\right) \right.

\text {- (mu+ (1-ul) xbetab (2+xIB+varUpsilonl
*THB+varUpsilon2«IcB+varUpsilon3+«IHcB}

\text{ +varUpsilon4+TB+varUpsilon5*THB)+alpha+ (1-u2)*tau
+(1-u3) *psi+DB) ) xP7}\text {—- (1-ul) xbetab (2+IB
+varUpsilonl*«IHB+varUpsilonZ2*«IcB+varUpsilon3+«IHcB}

\text {varUpsilon4+TB+varUpsilon5+THB) xP3

—(1-u3) *psi*DB*P8— (1-u2) xtauxP9-A7; }
S\mathrm{m}38=-(1-\mathrm{u}l) *SbetaS5*varUpsilon+2+IB+P3
—((1-ul) *beta2xchi2«S—(1-ul) xbetab5*Upsilon2«IB) xP7

+ (mu+delta?) *P8—-AS8;
S\mathrm{m}39=(\mathrm{mu}+\mathrm{delta}3
+(1-\mathrm{epsilon} 2) *$ varphi $) » \mathrm{P}9

- (1-\mathrm{u} 1) *$ betab ${ }"{x}$ varUpsilon4

${ }™{*} \mathrm{IB} * \mathrm{P} 3$

—((1l-ul) *beta2+«chid*S—-(1-ul) xbeta5+xUpsilond*IB) «xP7-A9;
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\mathrm{m}41l=\1left (2" {*x}\text{betad}{}{*}\mathrm{IH}
(\mathrm{j})+ (1-\mathrm{u}3 (\mathrm{j})) "~ {*}
(1-\text{epsilonl}) " {*}\mathrm{DH}

-\left (\text{betal}{}"{*}\mathrm{~S} (\mathrm{7j})
—\mathrm{u}l (\mathrm{j}) " {*}\text{betal}{}"{*}\mathrm{~S}
(\mathrm{j})\right)\right)~{x} \mathrm{P} 1 (\mathrm{7})
~(1-\mathrm{u} 3 (\mathrm{j}))~{*} (1-\mathrm{epsilonl})~{*}
\mathrm{DH} " {*}\mathrm{P}2 (\mathrm{j})-\left (2" {*}
\mathrm{IH} (\mathrm{j}) " {*} (1-\mathrm{u}l (\mathrm{j}))
F\mathrm{nul\right) ~{*}$

betad4 $"{*} \mathrm{P} 3 (\mathrm{j})$

+ (nuxbetad »VH (j) ~GammaxbetalV (j)) «P6 (j) -Al;

m42 =(betad«Lambda3*«IH(]j)—-(1-ul(Jj))~xbetalrxeta3*xS(J))*P1(]J)
+(deltal+mu) *P2 () — ( (1-ul (j)) *IH (J) +nu) *betad+Lambda3*P3 ()
— (Gammaxbetalxeta3*V (7J)

—nuxbetad+xLambda3«VH (]3)) *xP6 (])—-AZ;

m43 = (betadsLambdal *IH(J)-(1-ul(j))*betal xetal S(3))*P1(j)
—((1-ul(3)) *beta3*S (j)+ ((1-ul(j))*IH(3)+nu) betad+Lambdal
~((1-u2(j)) *phi+ (1-u3 (j)) rgamma+mu)

+(1-ul (3)) *beta5*Upsilonl*IB(j)) *P3(j) - (1-u2(j)) *phi*P4 ()
- (1-u3(]j)) *gammax*P5 (j) — (Gammax*betalxetal*V (])
~nuxbetadxLambdal+VH (j)) *P6(j) - ((1-ul(j)) xbeta2xchi2*S (7)
—(1-ul (j)) xbetab+Upsilonl *IB(]j))*P7(3)-A3;

m44 = —((1l-ul(J))rbetalxetad*«S(j)+(l-epsilon2) *xsigma
~betadxLambdadIH (J))«P1 (3) - ((1-ul (j)) «xbetal3+«Psi2«S (7)
+((1-ul(j))*IH(]J)+nu) xbetad* Lambdad

+(1-ul (3)) *beta5+Upsilon5*IB(J)) +*P3 (J)+ (mu+deltal

+(l-epsilon?2) xsigma) *P4 (j) — (Gamma*betalxetad*V (])
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-nuxbetad+Lambdad«VH (J))*P6(J)—((1l-ul (J)) *xbeta2+xchib*S (3J)
—(1-ul (7)) *betab5+«Upsilonb+IB(J))*xP7(]j)—-A4;

m45 = —((l-ul)rbetal+reta2+«S-betadrLambda2*IH) «P1
—((1-ul) xbeta3*Psil*S+ ((1l-ul)«*IH+nu) xrbetad+xLambda?2
+(1-ul) xbetab+Upsilon3*IB) xP3+ (mutdeltad) «P5

— (GammaxbetalretaZ2«V-nuxbetad~Lambda2*VH) xP6

—((1l-ul) xbeta2+xchi3xS—(1-ul) *beta5*Upsilon3*IB) xP7-A5;
m46 = betadrLambdab#P1l-((1l-ul)+IH+nu) xbetad+xLambda5*P3
+ (mu+nu*betad* (IH+Lambdal*IHB+Lambda2+«IHcB+ Lambda3*A
+Lambdad4d *THB+2«Lambda5*VH) ) *P6+ (mu+ (1-ul) xbetab5* (2+«IB
+varUpsilonl xIHB+varUpsilon2*IcB
+varUpsilon3*«IHcB+varUpsilondxTB+varUpsilon5«THB)
+alpha+ (1-u2) xtau+ (1-u3) *psi*«DB) *P7-A6; \\
md7 =—((1l-ul)+beta2*S* (2+xIB+chil+*IcB+chi2*IHB
+chi3+*IHcB+chi4+TB+chi5+«THB)

— (mu+ (1-ul) xbetad (2«xIB+varUpsilonl«IHB+varUpsilon2*IcB
+varUpsilon3*«IHcB+varUpsilond4d+xTB+varUpsilon5«THB)
+alpha+ (1-u2) xtau+ (1-u3) *psi*«DB) ) *P7

—(1-ul) xbetab (2xIB+varUpsilonl+*IHB+varUpsilon2+«IcB
+varUpsilon3«IHcB+varUpsilond«TB+varUpsilon5xTHB) xP3
—(1-u3) *psi*DB*P8— (1-u2) xtauxP9-A7;

m48 =-(1-ul) xbetabxvarUpsilon*2+«IB*xP3

—((1-ul) *beta2+«chi2xS—-(1-ul) xbetab5+Upsilon2+«IB) xP7

+ (mu+delta?) *P8—-AS8;
m49 =(mutdelta3+ (l-epsilon?2) *xvarphi) xP9

—(1l-ul) rbetabrvarUpsilond«IB«P3—( (1-ul) xbeta2xchid«*S
—(1-ul) xbetab5+xUpsilond4d*xIB) xP7-A9;
P1(j-1) = P1(j) - (h/6)*(mll + 2+xm21 + 2+m31 + m4l);

P2(j-1)

P2(3) - (h/6)* (ml2 + 2+m22 + 2+xm32 + m42);

234



P3(j-1)
P4 (j-1)
P5(j-1)
P6(j-1)
P7(j-1)
P8 (j-1)
P9 (J-1)

end

P3(3J)
P4 (J)
P5(3J)
P6(3J)
P7(3J)
P8(J)

P9 (J)

(h/6) x (m13
(h/6) % (m14
(h/6) x (m15
(h/6) * (ml6
(h/6) * (m17
(h/6) % (m18

(h/6) % (m19
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2+xm23

2xm24

2xm25

2+m26

2xm27

2+m28

2+m29

2+m33

2+xm34

2+xm35

2+*m36

2+xm37

2+m38

2+*m39

m43);
m44) ;
mé5);
mdo) ;
md7);
m48) ;

m49) ;



Appendix C: Matlab code for stochastic differential equations

This appendix is related to section 4.3.4
Matlab program for I (t)
% Define the parameters
thetal = 0.875; pi= 500 ; betal = 0.09; epsilonl = 0.3; epsilon2 = 0.2; sigma = 0.81;
betad4 = 0.1;mu = 0.00911;DH = 5; beta3 = 0.074;n = 1000;
% Define the time parameters
T=1; % Total time
dt = T / n; % Time step
N =n + 1;% Number of time steps
% set initial conditons and initialize arrays
to store stochastic process

IH_det = zeros(l, N);

IH det (1) = 10;
S = zeros(l, N);
S(1l) = 200;

THB = zeros(l, N);

THB (1) = 5;

num_sample_paths = 3;
IH_sto = zeros (num_sample_paths, N);
IH sto(:, 1) = 10;

[

% Simulate the deterministic solution

using Euler method

for i = 2:N

IH_det (i) = IH_det (i - 1)+ (thetalxpi+lambdal*S(i- 1)
+ (1 - epsilon2) =xsigma % THB(i - 1)
—(lambdad4+mu+ (l-epsilonl) «DH) *TH_det (i-1)) xdt;

end

$Simulate the stochastic solution
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using Euler-Maruyama method
for 7 = l:num_sample_paths

2:N

'_l.
Il

for
dW2 = sqgrt(dt) = randn(l);

dW4d = sqgrt(dt) = randn(l);

dWb = sqgrt(dt) * randn(l);

dWé = sqgrt(dt) = randn(l);

dW7 = sqgrt(dt) % randn(l);

f2 =thetalxpi+lambdal*S(i-1)+(l-epsilon?2)*sigma x THB(i-1)
+muxIH_sto(j,i-1)+ (l-epsilonl) «DH*«IH_sto(j,1 - 1);
IH_sto(S\mathrm{j}, \mathrm{i}$) = IH_sto( $\mathrm{j},
\mathrm{i}-1$ ) + (thetal » pi+ lambdal * S(i - 1)

+ (1 - epsilon2)xsigmaxTHB (i- 1)

- (lambdad4+mu+ (l-epsilonl)* DH) = IH_sto(j, i-1))=xdt...
$—-\operatorname{sgrt} (\max (0$, lambdal $x

\mathrm{~S} (\mathrm{i}-1))+\mathrm{dw}2
+\operatorname{sqrt} (\mathrm{f} 2))*\mathrm{dW}4 \ldots
-\operatorname{sqrt} (\max (0, (1$— epsilonl) *DH =

IH sto(j, 1 - 1))) = dwb

- sqgrt (max (0, (1 - epsilon2) x sigmax THB(i - 1))) = dWe6
- sgrt (max (0, lambdal % S(i-1)

+ lambda3 * S(i-1) - thetal x pi)) * dW7;

end

end

\% Plot the sample paths

time = 0:dt:T;

plot (time, IH_det, ’"b--', ’'LineWidth’, 2);

hold on;

colors $=\{’ \mathrm{r}$ 7, 'k’, g’ S\}$;
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for $\mathrm{j}=1$ :num_sample_paths
plot (time, IH_sto(j,:), colors $\{\mathrm{j}\}$,
"LineWidth’, 2); \% Random color for each path
end
xlabel (' Time’); vylabel ('IH’); title('Deterministic and
Stochastic Solutions of SDE’);

legend (' Deterministic’, ’Sample Path 1’, ’'Sample Path 2’
"Sample Path 37);
Matlab program for $I_{H B} (t)S$S

% Define the parameters

rho $=0.116 ; \mathrm{pi}=20 ;$ beta $3=0.074;
\mathrm{nu}=0.008 ;$ beta $4=0.1 ;$ beta $5=0.075 ;S
phi $=0.17$%; gamma $=0.2 ; \mathrm{mu}=0.00911 ;
\mathrm{n}=1000S$;

% Define the time parameters

S\mathrm{T}=1 ;S

\%$ Total time

dt = T / n;

o

Time step

N =n+ 1;

o\

Number of time steps

o\

Initialize arrays for S, VH, IH, and IB

S = zeros(l, N); VH = zeros(l, N); IH = zeros(l, N);
IB = zeros(l, N);

% Define the initial states with variability

S(l1) = 500; IH(l) = 20; VH(1) = 10; IB(l) = 40;

% Set initial condition

IHB_det = zeros(l, N); IHB det(l) = 20;

o

% Initial value of IHB for deterministic solution
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% Initialize arrays to store stochastic process
num_sample_paths = 3;

IHB_sto= zeros (num_sample_paths, N);
IHB_sto(:, 1) = 20;

% Initial value of IHB for stochastic solution
% Simulate the deterministic solution

using Euler method

for i = 2:N

IHB_det (i) = IHB_det(i-1) + ((1 - rho) * pi+
lambda3 = S(i-1) + nu * lambdad* VH(i-1)
+lambdad*«IH (i-1)+lambdab5+«IB(i-1)) xdt;

end

% Simulate the stochastic solution

using Euler-Maruyama method

for 3 = l:num_sample_paths

for i = 2:N

dW9 = sgrt(dt) * randn(l);

dWwl0 = sqgrt(dt) * randn(l);
dWll = sqgrt(dt) * randn(l);
dWl2 = sqgrt(dt) % randn(l);
dWl3 = sqgrt(dt) * randn(l);

S\mathrm{f}4=$lambda5S+«\mathrm{IB} (\mathrm{i}-1)
+(1-\mathrm{rho})*\mathrm{pi}+\mathrm{nu}+S$Slambdads$«
\mathrm{VH} (\mathrm{i}-1)+\mathrm{mu} *$

IHB_sto(j, i-1) + phi % IHB_sto(j, i-1)

+ gamma * IHB_sto(j, i-1);

IHB_sto(j,1)$=$ IHB_sto(J,i-1)$+((1-$ rho $)*Spi
\\&+lambda3$+\mathrm{~S} (\mathrm{i}-1)+\mathrm{nu}*$

lambdad4+«VH (i-1)+lambdad4+IH (i-1)+lambdab*IB(i-1)) xdt
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+sqgrt (£f4) % dW9 - sqgrt (phi * IHB_sto(j, i-1)) % dwlO0
- sqrt (gamma = IHB_sto(j,i-1)) % dwll

- sgrt(nu * lambdad4 x= VH(i-1)) % dwWl2

— sqgrt (lambdab = IB(i-1)) x dwWl3;

end

end

% Plot the results
time = 0:dt:T;
plot (time, IHB_det, 'k--', ’'LineWidth’, 2); hold on;

% Plot stochastic solutions with different colors
colors S$=\left\{\right.$ 'm 7, S$\left.{ }"{\prime}
\mathrm{c}"~{\prime}, { }"{\prime}
\mathrm{r}"~{\prime}\right\}$;

for $\mathrm{j}=1$ :num_sample_paths
plot (time, IHB_sto(j,:), colors S\{\mathrm{j}\}$,
"LineWidth’, 2);

end

xlabel (' Time (Years)’); ylabel ("I_\{HB\}’);
title('Deterministic and Stochastic

Solutions of SDE’);

legend (' Deterministic’, ’'Sample Path 1’7, ’'Sample Path 27,
"Sample Path 37);
Matlab program for S$SA(t)S$S

% Define the parameters
epsilonl = 0.8; DH = 5; mu = 0.00911; deltal = 0.7114;
\% Define the time parameters

S\mathrm{T}=1 ;$

\% Total time

S\mathrm{n}=1000 ;$
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\%$ Number of time steps

dt = T / n;

% Time step

N =n + 1;% Number of time steps

% Set initial condition

A _det = zeros(l, N); IH = zeros(l, N); A _det(l) =

% Initial value of A for deterministic solution IH(1)= 10;
% Initialize arrays to store stochastic process
num_sample_paths = 3;
A_sto= zeros (num_sample_paths, N); A_sto(:,1) = 5;
% Initial value of A for stochastic solution
% Simulate the deterministic solution for i = 2:N
A_det (i) = A_det (i-1) + ((1
— epsilonl) *DH+xIH(i-1) —-(deltal + mu)x A_det (i-1)) dt;
end
% Simulate the stochastic solution
using Euler-Maruyama method
for 3 = 1l:num sample_paths
for 1 = 2:N
dW5 = sqgrt(dt) = randn(l);
dW8 = sqgrt(dt) = randn(1l);
f3 = (1 - epsilonl)*«DHxIH(i-1)+(deltal + mu)=*A_sto(j,i-1);

A_sto(j,i)= A_sto(j,i-1)+((l-epsilonl)+«DH*IH (i-1)
- (deltal + mu) » A_sto(j,i-1))xdt...

- sqrt((1 - epsilonl)* DH *IH(i-1)) «dW5

+ sqrt (£3) = dwsg;

end

end

% Plot the results
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time = 0:dt:T; plot(time, A_det, ’'r--', ’'LineWidth’, 2);

% Plot deterministic solution in black

hold on;

% Plot stochastic solutions with different colors

colors = { ’'c’, 'm’", 'b" };

for j = l:num_sample_paths

plot (time, A_sto(j,:), colors{j}, 'LineWidth’, 2);
end

xlabel (' Time’); ylabel ("A’");

title('Deterministic and Stochastic Solutions of
SDE' ) ;

legend (' Deterministic’, ’Sample Path 1’, ’Sample Path 2/,

"Sample Path 37);

Matlab program for IcB(t)

% Define the parameters

psi = 0.05; DB =0.9; mu = 0.00911; delta2 = 0.0028;

% Define the time parameters

T = 1; % Total time

n=1000;% Number of time steps

dt = T / n; % Time step

N =n + 1;% Number of time steps

% Initialize arrays to store stochastic process

IcB_det = zeros(l, N);

IB = zeros(l, N);

IcB_sto = zeros (num_sample_paths, N);

% Set initial condition

IcB_det (1) = 10;
IB(1) = 50;
num_sample_paths = 3;
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IcB_sto(:,1) =

10;

% Simulate the deterministic solution

using
for i
IB(1)

- (mu

Euler method

_|_

2:N

IB(i-1

)

delta?2)

+ dt =

(psi = DB = IB(i-1)

* IB(1i-1));

IcB_det (i) = IcB_det (i-1)

— (mu + delta?2)

end

¢

using Euler-Maruyama method

+

(psi = DB » IB(i-1)

* IcB_det(i-1)) = dt;

% Simulate the stochastic solution

for 3 = 1l:num_sample_paths
for i = 2:N
dW24 = sqrt(dt) % randn(l);

dwz7

o

o

sgrt (dt)

* randn(1l);

Update IB within the loop IB(i) = IB(i-1);

f9 = psi « DB » IB(i-1)

+ mu * IcB_sto(j,i-1)

+ delta2 * IcB_sto(j,i-1);

IcB_sto(j,1i) =

- (mu + deltaZ2)

IcB_sto(j,i-1) + (psi * DB » IB(i-1)

* IcB_sto(j,i-1)) = dt

- sgrt(psi = DB % IB(i-1))

end

end

Q
o

\

* dW24 + sqgrt (£9)

Plot the deterministic results

time =

plot (time,

0

hold on;

:dt:T;

IcB_det,

"b--',’ LineWidth’, 2);

* dW27;

% Plot stochastic solutions with different colors

colors

{"y",

IkI,

Igl

}i
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for j = l:num_sample_paths

plot (time, IcB_sto(j,:), colors{j}, ’'LineWidth’,
end

xlabel (' Time’); ylabel ("I_{cB}’');
title('Deterministic and Sample paths of
IcB(t)");

legend (' Deterministic’, ’Sample Path 17/,
"Sample Path 2’, ’'Sample Path 37);

Matlab Program for I HcB (t)

% Define the parameters

gamma = 0.2; mu = 0.00911; deltad4 = 0.42;
% Define the time parameters

T=1; % Total time

S\mathrm{n}=1000$; \% Number of time steps

2);

$S\mathrm{dt}=\mathrm{T} / \mathrm{n}$; \% Time step

S\mathrm{N}=\mathrm{n}+1$; \% Number of time steps

\% Set initial condition

IHcB _det = zeros(l, N);
S\mathrm{B}=\operatorname{zeros} (1, \mathrm{~N})
THcB_det (1) =5;\\

% Initial value of IHcB for

deterministic solution

$S\operatorname{IHB} (1)=105;

\% Initialize arrays to store stochastic process

num_sample_paths = 3;

IHcB_sto = zeros (num_sample_paths, N);
IHcB_sto(:,1) =5;\\

\% Initial value of IHcB for

stochastic solution
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\% Simulate the deterministic solution using Euler method
for S\mathrm{i}=2: \mathrm{N}$S
IHcB_det (1) $=$ IHcB_det (i-1) $+($ gamma $*S$ IHB(i-1)S$
—($ mu + deltad $) *$ IHcB_det (i-1)) = dt;
end
\% Simulate the stochastic solution
using Euler-Maruyama method
for $\mathrm{j}=1$ :num_sample_paths
for $\mathrm{i}=2: \mathrm{N}$
S\mathrm{dW}ll=\operatorname{sqgrt} (\mathrm{dt}) =
\operatorname{randn} (1) ;
$dW1l5 S$=\operatorname{sqgrt} (\mathrm{dt})$ * randn(1l);
\% Update IHB within the loop
S\mathrm{IHB} (\mathrm{i})=\mathrm{IHB} (\mathrm{i}-1)$5;
% For this example, IHB is not changing
f6 $=$ gamma $°{x}$ IHB(i-1) +mu = IHcB_sto(j,i-1)
+deltad4 * IHcB_sto(j,1i-1);
THcB_sto( $\mathrm{j}, \mathrm{i}$ ) $=$ THcB_sto( $\mathrm{Jj},
\mathrm{i}-1$ ) $+ (S gamma $+$ IHB(i-1) $
—(\mathrm{mul}+$ deltad) $x$ IHcB det (i-1))*dt
- sgrt (gamma x IHB(i-1)) * dWll + sqgrt(f6) = dWl5;
end
end
% Plot the results
time = 0:dt:T; plot(time, IHcB_det, ’'k’, ’'LineWidth’, 2);
% Plot deterministic solution in black
hold on;
% Plot stochastic solutions with different colors colors

— {IrI, Igl, Ibl }’.
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for j = l:num_sample_paths plot (time, IHcB_sto (3, :),
colors{j}, "LineWidth’,2);
end
xlabel (' Time’); ylabel ("I_{HcB}’);
title('Deterministic and Stochastic Solu-
tions of SDE’);
legend (' Deterministic’, ’Sample Path 17/,
"Sample Path 2’, ’'Sample Path 37);
Matlab program for }\mp@subsup{I}{B}{} (t
% Define the parameters
theta2 = 0.058; pi = 5000; betaz = 0.2; mu = 0.00911;
beta = 0.075; alpha=0.95; tau = 0.25;

psi = 0.05; DB =1; betal = 0.09; beta3 = 0.074; theta 1

0.875;
n = 1000;

% Define the time parameters

T=1;% Total time

dt = T / n; % Time step

N =n + 1;% Number of time steps

o\

Initialize arrays for S and IB

S = zeros(l, N);

o\

Define the initial state with wvariability
S(1) = 2000;

% Set initial condition

IB_det = zeros(l, N);

IB_det (1) = 100;

¢

% Initial value of IB for deterministic solution
% Initialize arrays to store stochastic process
num_sample_paths = 3;

IB_sto = zeros (num_sample_paths, N);
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IB_sto(:, 1) = 100; % Initial wvalue of
IB for stochastic solution

% Simulate the deterministic solution

2:N

for 1

IB_det (1) IB_det (i-1) + (theta2xpi_val + lambda2*S(i-1)
— (mu+lambdab+alphattautpsi*DB) xIB_det (i—-1)) * dt;
end

% Simulate the stochastic solution

using Euler-Maruyama method

for 3 = l:num_sample_paths
for 1 = 2:N
dWl3 = sqgrt(dt) % randn(l);

dW21l = sqgrt(dt) » randn(l);
dW22 = sqrt(dt) % randn(l);
dW23 = sqgrt(dt) % randn(l);
dW24 = sqrt(dt) % randn(1l);
dW25 = sqgrt(dt) % randn(l);

dw26

sqrt (dt) * randn(1l);

f8 = (lambdal + lambda3) * S(i-1)+(thetal + theta2)*pi

+ (lambda5 + psix DB + tau + alpha + mu) * IB_sto(j, 1i-1);
IB_sto(j, i) = IB_sto(j, i-1) + (thetal2xpi+ lambda2z2+*S(i-1)
—(mu + lambdab +alpha + tau + psi *DB)*IB_sto(j, 1i-1))x dt
- sqgrt (lambdalxS (i-1)+lambda3*S (i-1)) «dW21

+ sqgrt (thetalxpi_val) xdW22

—-sqgrt (max (0, lambda5+«IB_sto(j,i-1))) »dWl3+sgrt (£8) xdwW23

- sqgrt (max(0,psi = DB « IB_sto(j, 1i-1)))*~dw24

- sgrt (max(0,tau » IB_sto(j,i-1)))~dw25

-sqgrt (max (0, alpha * IB_sto(j, i-1))) % dW26;

end
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end
% Plot the deterministic results
time = 0:dt:T;
plot (time, IB_det, ’'k—-’, ’'LineWidth’, 2);
hold on;
% Plot stochastic solutions with different colors
colors = {'r', 'y', "b"};
for 7 = l:num_sample_paths
plot (time, IB_sto(j,:), colors {Jj}, ’'LineWidth’, 2);
end
xlabel (' Time (years)’); ylabel('I_B’);
title ('Deterministic and Stochastic So-
lutions of SDE’);
legend (' Deterministic’, ’'Sample Path 17/,
"Sample Path 2’, ’Sample Path 37);
Matlab Program for THB(t)
% Define the parameters
phi=0.17; epsilon2 = 0.96; sigma = 0.807; mu = 0.00911;
delta3 =0.0284;
% Define the time parameters
T = 1; % Total time
n=1000;% Number of time steps
dt = T / n; % Time step
N =n + 1;% Number of time steps
% Set initial condition
THB _det = zeros(l, N); IHB=zeros(l, N); THB det (1) =10;
% Initial value of THB for deterministic solution
IHB (1) = 20;

[

% Initialize arrays to store stochastic process
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num_sample_paths = 3;
THB_sto = zeros (num_sample_paths, N);
THB_sto(:,1)=10;
% Initial value of A for stochastic solution
% Simulate the deterministic solution
for 1 = 2:N
THB_det (i) = THB_det (i-1)+ (phi*«IHB(i-1)
— (mu+delta3+ (l-epsilon2) xsigma) *THB_det (i-1)) xdt;
end
% Simulate the stochastic solution
using Euler—-Maruyama method
for 7 = l:num_sample_paths
for i = 2:N

dWw6 = sqgrt(dt) = randn(l);

dWl0 = sqgrt(dt) =* randn(l);
dWwl4d = sgrt(dt) x randn(l);
f5 = (1 - epsilon2)*sigma » THB_sto(i-1) + phixIHB(i-1)+

(mu+delta3) «THB_sto (i-1);

THB_sto(j,1i) = THB_sto(j,i-1) + (phi*IHB(i-1)- (mut+tdelta3+
(l-epsilon2) xsigma) *THB_det (i-1)) »dt

+sqrt ((1 - epsilon2)*sigma *THB_sto (i-1)) *dW6

—sqgrt (phi*IHB(i-1) ) *xdW1l0+sqgrt (£5) xdWl4;

end

end

% Plot the deterministic results using Euler method
time = 0:dt:T;

plot (time, THB_det, ’'k--', ’"LineWidth’, 2);

hold on;

e

% Plot stochastic solutions with different colors
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colors = {’'r’, 'b’, "g" }; for j = l:num_sample_paths
plot (time, THB_sto(j,:), colors{j}, ’'LineWidth’, 2);
end

xlabel (' Time’) ;

ylabel (' Number of treated co-infected individuals’);
title('Deterministic and sample paths of THB(t)’);
legend (' Deterministic’, ’Sample Path 17/,

"Sample Path 2’, ’'Sample Path 37);
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Appendix D: Python code for PRCC/LHS results

# Install required packages

'pip install SALib numpy matplotlib scipy

import numpy as np

from SALib.sample import latin

import matplotlib.pyplot as plt

from scipy import stats

# Set global font to Times New Roman size 12

plt.rcParams.update ({
"font.family’: ’'serif’,
"font.serif’: "Times New Roman’,
"font.size’: 12,
"axes.titlesize’: 12,
"axes.labelsize’: 12,
"xtick.labelsize’: 10,
"vtick.labelsize’: 10,

"figure.titlesize’: 12

# 1. Define the epidemic model with the complex RO expression
def calculate_RO (params) :
Calculates R0O,S using the complex expression:\\
RO,S = (pi/mu) =* [
(betal*thetab)/ (mu + (l-epsilonl)D_H) +
(beta2+thetab)/ (mut+talpha + tau + varphixD_B) +
(beta3+thetab)/ (phi + gamma + mu) +

(Gammaxbetalxthetal3)/ (mu + vxbetad4xLambdab)
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TN
# Unpack parameters in the correct order
pi, mu, betal, thetab, epsilonl, D_H, beta2, alpha, tau,
psi, D_B, beta3, phi, gamma, Gamma, theta3, v, beta4,
Lambda5 = params\\
# Calculate each term separately\\
terml=(betal*thetab)/ (mu+ (l-epsilonl) +«D_H) \\
term2= (beta2+thetab)/ (mu+alpha+taut+psi*D_B) \\
term3= (beta3+thetab) / (phi+gamma+mu) \\
termd4= (Gammaxbetalxtheta3) / (mutvxbetad4+xLambda5) \\

# Calculate RO, S\\

RO = (pi / mu) * (terml + term2 + term3 + termd)\\

return RO

# 2. Setup sensitivity analysis problem with realistic ranges\\
problem = {
"num_vars’: 19,\\
"names’ : [
"pi’, 'mu’, ’'beta_{1}’, ’'theta_{5}',
"epsilon_{1}’, '"D_{H}', "beta_{2}’,’alpha’,
"tau’, 'varphi’,’D_{B}’, ’'beta_{3}',
"ohi’, ’"gamma’, ’'Gamma’, ’'theta_{3}’,

'v',’beta_{4}’, ’'Lambda_{5}"’

1,\\
"bounds’ [
[0.1, 1.01, \pi: Birth rate\\

[0.001, 0.171, \mu: Natural death rate\\

(0.1, 0.971, \beta_{1}: Transmission rate 1\\
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[0.5, 1.0], \theta_{5}: Probability factor\\

(0.1, 0.9], \epsilon_{1}: Intervention efficacy\\
[0.01, 1.07, D_H: HIV-related mortality\\

(0.1, 0.9], \beta_{2}: Transmission rate 2\\
[0.01, 0.27], \alpha: Disease-induced mortality\\
[0.01, 0.171, \tau: Treatment ratel\

[0.01, 0.171, \varphi: Mortality modifier\\
[0.01, 0.97, D_B: HBV-related mortality\\

[0.1, 0.97], \beta_{3}: Transmission rate 3\\
[0.01, 0.1], \phi: Recovery rate\\

[0.05, 0.371, \gamma: Recovery ratel\\

[0.1, 1.01, \Gamma: Population fraction\\

[0.5, 1.0], \beta_{3}: Probability factor\\
[0.1, 0.971, v: Vaccination ratel\

(0.1, 0.9]1, \beta_ {4}: Transmission rate 4\\
[0.01, 0.1] \Lambda_{5}: Mortality rate

}
#3.Generate parameter samples using Latin Hypercube Sampling\\
param_values = latin.sample (problem, 2000)
# Increased samples for better accuracy
# 4. Run model for all parameter sets\\
RO_values = np.array([calculate_RO (params)
for params in param_values])
# 5. Calculate PRCC manually
def calculate_prcc (parameters, output):
"""Compute Partial Rank Correlation Coefficients"""
# Rank transform all parameters and output

ranked_params = np.apply_along_axis (stats.rankdata, O,
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parameters)
ranked_output = stats.rankdata (output)
prcc_results = []
conf_intervals = []
for 1 in range(parameters.shapel[l]):
# Partial out other parameters
other_params = np.delete (ranked_params, i, axis=1)
# Add constant term for regression
X = np.column_stack ([np.ones (len (other_params)),
other_params])
# Regress current parameter against others
coeffs_param = np.linalg.lstsqg(X, ranked_params[:, 1i],
rcond=None) [0]
residuals_param = ranked_params|[:, 1] - X.dot (coeffs_param)
# Regress output against others
coeffs_out = np.linalg.lstsqg(X, ranked_output, rcond=None) [0]
residuals_out = ranked_output - X.dot (coeffs_out)
# Calculate correlation between residuals
prcc, p_value = stats.pearsonr(residuals_param, residuals_out)
prcc_results.append (prcc)
# Calculate 95% confidence interval
n = len(residuals_param)
se = 1 / np.sqrt(n - 3)
# Standard error using Fisher transformation
z = stats.norm.ppf(0.975) # 1.96 for 95% CI
conf_intervals.append(z * se)
return np.array (prcc_results), np.array(conf_intervals)
# 6. Perform sensitivity analysis

prcc, conf_intervals = calculate_prcc(param_values, RO_values)
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# 7. Sort results by absolute PRCC value
sorted_idx = np.argsort (np.abs(prcc)) [::-1]

sorted_names = [problem[’names’][i] for i in sorted_idx]

sorted_prcc = prcc(sorted_idx]

sorted_conf conf_intervals[sorted_idx]

# 8. Create the plot with parameters on x—-axis

plt.figure(figsize=(14, 7), dpi=300)

# Create positions for bars

X_pos = np.arange (len (sorted_names))

# Plot PRCC values with error bars

bars = plt.bar (x_pos, sorted_prcc, yerr=sorted_conf,
capsize=5, alpha=0.8, color='royalblue’,
error_kw={"elinewidth’: 1.5, ’capthick’: 1.5})

# Add horizontal lines at significance thresholds

plt.axhline (0, color="black’, linewidth=0.8, linestyle='-")

plt.axhline (0.2, color="gray’, linewidth=0.5, linestyle='"--7,

alpha=0.7)

plt.axhline(-0.2, color='gray’, linewidth=0.5, linestyle=’'--',

alpha=0.7)

plt.axhline (0.3, color='gray’, linewidth=0.5, linestyle=’:',

alpha=0.7)

plt.axhline(-0.3, color='gray’, linewidth=0.5, linestyle=’:’,

alpha=0.7)

# Set axis labels

plt.xlabel (' Model Parameters’, fontsize=12, labelpad=10)

plt.ylabel (Partial Rank Correlation Coefficient (PRCC)',

fontsize=12, labelpad=10)

# Customize plot appearance

plt.xticks (x_pos, sorted_names, rotation=45, ha=’right’,
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rotation_mode=’"anchor’)
plt.title(’Sensitivity Analysis of SR_{0,S}s$’,
fontsize=12, pad=15)
plt.grid(axis="y’, linestyle=’'--', alpha=0.3)
# Set axis limits with padding
plt.ylim(min(sorted_prcc) - 0.15, max(sorted_prcc) + 0.15)
# Add values above/below bars
for i, v in enumerate (sorted_prcc):
y_pos = v + 0.02 if v >= 0 else v — 0.05
va = 'bottom’ if v >= 0 else ’'top’
plt.text (i, y_pos, f’'{v:.2f}’,
ha=’center’, wva=va,
fontsize=9, rotation=0,
bbox=dict (facecolor="white’, alpha=0.7,
edgecolor='none’, boxstyle=’'round,pad=0.1"))
# Adjust layout to prevent clipping
plt.tight_layout ()
plt.subplots_adjust (top=0.92, bottom=0.25)
# 9. Print parameter significance

print ("\nTop influential parameters for S$R_{0,S}$:")

print ("] PRCC | > 0.5: Very strong influence")
print ("| PRCC | > 0.3: Strong influence")
print ("] PRCC | > 0.2: Moderate influence\n")

for i in range(len(sorted_names)) :
influence = ""
abs_prcc = abs(sorted_prccl[i])
if abs_prcc > 0.5:
influence = "xxxx%x VERY STRONG"

elif abs_prcc > 0.3:
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influence "x%%xx STRONG"

elif abs_prcc > 0.2:

influence = "xxx MODERATE"
else:
influence = "xx WEAK"
direction = "increases RO" if sorted_prcc[i] > 0 else
"decreases RO"
print (f"{sorted_names[i]}: {sorted_prccl[i]:.4f} +
{sorted_conf[i]:.4f} - {influence} ({direction})")

# Save as high-quality PDF
plt.savefig('RO_Sensitivity_Analysis.pdf’, dpi=300,

bbox_inches="tight’), plt.show()
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